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OUTLINE
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m The principle
m Lower bound
m Upper bound
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FRIEE TRAERENE What are phase transitions?
WEAKLY INCREASING SEQUENCES P B
Why study phase transitions?
RELATED RESULTS AND EXPECTATIONS

SMALL CHANGES, BIG CONSEQUENCES

m Everyday life: H,O

) . 0°C 100°C
P=1atm: ice —> water —— water vapor
218 C,;'gf;’
p ice
atm
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vapor |
/: :\ o 100 3;4
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m Mathematics (statistical physics, evolutionary graph theory, -
percolation theory, computational complexity, .. .) UNIVERSIE
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RELATED RESULTS AND EXPECTATIONS

PHASE TRANSITIONS IN LOGIC AND COMBINATORICS

What are phase transitions?
Why study phase transitions?

Parameter f

threshold region for f

classifiability chaos
. .. threshold region for f .
simplicity complexity
- threshold region for f -
provability g unprovability
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PHASE TRANSITIONS IN LOGIC AND COMBINATORICS

What are phase transitions?
Why study phase transitions?

Parameter f

threshold region for f

classifiability chaos
. .. threshold region for f .
simplicity complexity
- threshold region for f -
provability g unprovability

In this talk
Parameter function f
Statement ISPy
Theory IX4

threshold region for f

T4 + ISP, ¥4 ¥ ISP;
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PHASE TRANSITIONS
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PHASE TRANSITION FOR ISPy

What are phase transitions?
Why study phase transitions?

I3 ¥ ISP —_threshold region

1(i) = log(i)
¥4 - ISP;

Figure: Phase transitions for ISP;
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PHASE TRANSITION FOR ISPy

What are phase transitions?
Why study phase transitions?

I3 ¥ ISP —_threshold region

1(i) = log(i)
¥4 - ISP;

Figure: Phase transitions for ISP;

)

Goal: Determine the threshold region as exact as possible.
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MOTIVATIONS FOR STUDYING PHASE TRANSITIONS

Phase transitions in general

m Phenomenon of universality (= in physics):

Same phase transitions for many theorems from different areas in
mathematics.
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MOTIVATIONS FOR STUDYING PHASE TRANSITIONS

What are phase transitions?
Why study phase transitions?

Phase transitions in general

m Phenomenon of universality (= in physics):
Same phase transitions for many theorems from different areas in
mathematics.

m Understand how to extract complexity from universality, from
chaos, from prime numbers, ...
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PHASE TRANSITIONS .

What are phase transitions?
WEAKLY INCREASING SEQUENCES T S s (e s
RELATED RESULTS AND EXPECTATIONS Y Y P ’

MOTIVATIONS FOR STUDYING PHASE TRANSITIONS

Phase transition for the principle of weakly increasing sequences

Because of its connection to the open problem on Ramsey’s theorem
for pairs and two colors (RT';’) in reverse mathematics.
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PHASE TRANSITIONS .

What are phase transitions?
WEAKLY INCREASING SEQUENCES T S s (e s
RELATED RESULTS AND EXPECTATIONS Y Y P ’

MOTIVATIONS FOR STUDYING PHASE TRANSITIONS

Phase transition for the principle of weakly increasing sequences
Because of its connection to the open problem on Ramsey’s theorem
for pairs and two colors (RTg) in reverse mathematics.

m Simpson [1998]: n >3 and k > 2:
RCAg - RT;(7 «— ACAy

m Seetapun and Slaman [1995]:

RCAq - RT3 - ACAg

)

Strength RT3?
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

FINITE SEQUENCES OF NATURAL NUMBERS

We consider
dp,d1,d2,...,4d

with k e Nand a; e Nfor0 <i < k.
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

FINITE SEQUENCES OF NATURAL NUMBERS

We consider
dp,d1,d2,...,4d

with k e Nand a; e Nfor0 <i < k.

Erdds-Szekeres: If k =n+1
N3
dig < iy < ... < ip, such that:
a, < a, <...<a,
or

aj, > aj, > ... > a,

Michiel De Smet, Andreas Weiermann
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

ISP-DENSITY

Definitions
If f:N— Nand X CN, then

m g: X — Nis called f-regressive if

g(x) < f(x), forall x € X.
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ISP-DENSITY

Definitions
If f:N— Nand X CN, then

m g: X — Nis called f-regressive if
g(x) < f(x), forall x € X.
m X is called 0-ISP-dense(f) if

|X| > f(min(X)).
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WEAKLY INCREASING SEQUENCES Lower bound
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ISP-DENSITY

Definitions
If f:N— Nand X CN, then

m g: X — Nis called f-regressive if

g(x) < f(x), forall x € X.

m X is called 0-ISP-dense(f) if
|X| > f(min(X)).

m X is called (n+ 1)-ISP-dense(f) if for all f-regressive g: X — N
there exists a Y C X such that Y is n-ISP-dense(f) and such that

g | Y is weakly increasing. I}
UN\\/ERNS%TEIT

=

Michiel De Smet, Andreas Weiermann Phase Transitions for Weakly Increasing Sequences



PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

AN EXAMPLE

Let f(x) = v/xand X = {5,6,8,11,35,108,167,201}. Is X
m 0-dense?
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AN EXAMPLE

Let f(x) = v/xand X = {5,6,8,11,35,108,167,201}. Is X
m 0-dense? Yes, because:

1X| =8> V5= /min(X).
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AN EXAMPLE

Let f(x) = v/xand X = {5,6,8,11,35,108,167,201}. Is X
m 0-dense? Yes, because:

1X| =8> V5= /min(X).

m 1-dense?
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PHASE TRANSITIONS The principle

WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound
AN EXAMPLE

Let f(x) = v/xand X = {5,6,8,11,35,108,167,201}. Is X
m 0-dense? Yes, because:

1X| =8 > V5 = y/min(X).

m 1-dense? Yes, because:
Letg: X — Nbe \/—regressive, i.e.

g(x) < Vx, forall x € X.

Now consider the worst case scenario: g is strictly decreasing “as
much as possible”. T
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PHASE TRANSITIONS The principle

WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound
ISP-DENSITY

Definitions
If f:N— Nand X CN, then

m g: X — Nis called f-regressive if

g(x) < f(x), forall x € X.

m X is called 0-ISP-dense(f) if
|X| > f(min(X)).

m X is called (n+ 1)-ISP-dense(f) if for all f-regressive g: X — N
there exists a Y C X such that Y is n-ISP-dense(f) and such that

g | Y is weakly increasing. I}
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PHASE TRANSITIONS
WEAKLY INCREASING SEQUENCES
RELATED RESULTS AND EXPECTATIONS

AN EXAMPLE

The principle
Lower bound
Upper bound

Let f(x) = v/xand X = {5,6,7,11,35,108,167,201}. Is X
m 0-dense? Yes, because:

1X| =9 > V5 = y/min(X).
m 1-dense? Yes, because:
Letg: X — Nbe ,/-regressive, i.e.

9(x) < Vx, forall x € X.

Now consider the worst case scenario: g is strictly decreasing ©

as
much as possible”.
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

AN EXAMPLE

g:{5,6,8,11,35,108,167,201} — N

[ S O H O E A S SR
0 56 8 11 35 108 167 201

}

Figure: g is , /-regressive
g g \/ g UN\%ERNS%TEIT
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PHASE TRANSITIONS The principle

WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound
AN EXAMPLE

Whatever value g may take in x = 201, it is always possible to find a
Y,suchthat |Y| >2and g | Y is weakly increasing.
= X is 1-dense.
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PHASE TRANSITIONS The principle

WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound
AN EXAMPLE

Whatever value g may take in x = 201, it is always possible to find a
Y,suchthat |Y| >2and g | Y is weakly increasing.
= X is 1-dense.

m Is X 2-dense? No, because:
Constructed g is counterexample
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Definition
Forany f: N — N,

ISP; := (Yn)(Va)(3b)([a, b] is n-ISP-dense(f)).

}
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Definition
Forany f: N — N,

ISP; := (Yn)(Va)(3b)([a, b] is n-ISP-dense(f)).

Remark: (RT% A Kdnig’'s Lemma) = (Vf ISPy is true).
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Definition
Forany f: N — N,

ISP; := (Yn)(Va)(3b)([a, b] is n-ISP-dense(f)).

Remark: (RT% A Kdnig’'s Lemma) = (Vf ISPy is true).

Theorem 1
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Definition
Forany f: N — N,

ISP; := (Yn)(Va)(3b)([a, b] is n-ISP-dense(f)).

Remark: (RT% A Kdnig’'s Lemma) = (Vf ISPy is true).

Theorem 1

Proof

By induction, applying Erdés-Szekeres. .
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

MEANING

Theorem 1 = lower bound

1Y, ¥ ISPy " threshold region

1(i) = log(i)
I, I- ISP;

Figure: Phase transitions for ISP¢
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The principle
Lower bound
THEOREM AND PROOF

Upper bound

Theorem 2
Let d € N. Then

IX1 ¥ ISP .
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Theorem 2

Let d € N. Then
IT4 ¥ ISP, .

Proof
Lemma 1 A Lemma 2 = Lemma 3.

Lemma 3 = Theorem 2.

O
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The principle
Lower bound
Upper bound

THEOREM AND PROOF

Define
Fo(i) = i+1;
, i, .
Fiepr(i) = FYG0);

F(i) = Fi().

_—
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Define
Fo(i) = i+1;
Fi() = R
F(i) = Fi(i)
Then

Fi(n) ~ Ai(n)
F(n) =~ Ack(n)

A; = ith approximation of the Ackermann function Ack.

Michiel De Smet, Andreas Weiermann Phase Transitions for Weakly Increasing Sequences
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Lemma 1 (Informal)
[a, b] n-ISP-dense( ¢/)
= 3Y C [a, b]: Y has nice properties.

}
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Lemma 1 (Informal)
[a, b] n-ISP-dense( ¢/)
= 3Y C [a, b]: Y has nice properties.

Lemma 1 (Formal)
[a, b] n-ISP-dense( /)
= 3Y Clab]: Yis (n—1)-ISP-dense(g/) and

Vi(F{™(a) < b—|Y N[F{(a), T (a)]| = 1)

}
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Proof
Define G : [a, b] — N, such that G is g/-regressive, and:

y

0 a Fl(a) F2(a) - b

Figure: Proof of Lemma 1
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Lemma 2
~ Lemma 1, but we start from an (n — k)-ISP-dense( ¢/) set, 0 < k < n.

Proof
~ Lemma 1, but we need F,’s, 0 < k < n. ]
_—
1111
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Lemma 2
~ Lemma 1, but we start from an (n — k)-ISP-dense( ¢/) set, 0 < k < n.

Proof

~ Lemma 1, but we need F,’s, 0 < k < n. ]

Lemma 3

(Y C [a b] is n-ISP-dense(¢/) A a> 1) = max(Y) > Fpi1(a).

Proof

Combine Lemma 1 and Lemma 2. O
it
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Definition

ISP¢(n, a) := the least natural number b, such that [a, b] is
n-ISP-dense(f).

Leta,ne N:

?

1

0 a b =1SP¢(n, a)

}
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Definition
ISP¢(n, a) := the least natural number b, such that [a, b] is
n-ISP-dense(f).

Leta,ne N:
?
1 i ... 1
0 a b = ISP¢(n, a)
Remark
(IX4 = ISP¢) < (ISP¢(n, n) is primitive recursive.) T
UN@TEH
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The principle
Lower bound
Upper bound
THEOREM AND PROOF

Theorem 2
Let d € N. Then

IX1 ¥ ISP .
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Theorem 2
Let d € N. Then
134 ¥ ISP o

Proof of Theorem 2

Lemma3 = ISPg(n a) > Fpii(a)

}
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Theorem 2
Let d € N. Then
IZ1 ¥ ISP .

Proof of Theorem 2

Lemma3 = ISPg4(n a)>
= ISPg/(n,n) £ F(n,n) ~ Ack(n,n)

}
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Theorem 2
Let d € N. Then

IS4 ¥ ISP .

Proof of Theorem 2

Lemma3 = ISPg4(n, a) > Frii(a)
= ISPg/(n,n) £ F(n,n) ~ Ack(n,n)
= ISP is not primitive recursive

}
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

THEOREM AND PROOF

Theorem 2
Let d € N. Then
IZ1 ¥ ISP .

Proof of Theorem 2

Lemma3 = ISPg4(n, a) > Frii(a)
= ISPg/(n,n) £ F(n,n) ~ Ack(n,n)
= ISP is not primitive recursive
= I FISPg. O

}
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PHASE TRANSITIONS The principle
WEAKLY INCREASING SEQUENCES Lower bound
RELATED RESULTS AND EXPECTATIONS Upper bound

MEANING

Theorem 2 = upper bound

A

131 ¥ ISPy ~ threshold region

T - ISP,

Figure: Phase transitions for ISP¢
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PHASE TRANSITIONS
WEAKLY INCREASING SEQUENCES
RELATED RESULTS AND EXPECTATIONS

SHARPENING THE THRESHOLD REGION

Sharper threshold region
Erdds-Szekeres and Dilworth

Claim 1 .
Let d be a natural number and (i) = i“s ®. Then

X4 - ISP;.

}
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PHASE TRANSITIONS
WEAKLY INCREASING SEQUENCES
RELATED RESULTS AND EXPECTATIONS

SHARPENING THE THRESHOLD REGION

Sharper threshold region
Erdds-Szekeres and Dilworth

Claim 1
Let d be a natural number and f(i) = i% ). Then

X4 - ISP;.

Claim 2 1
Let f(i) = iA«~"®. Then
I ¥ ISP;.

}
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PHASE TRANSITIONS
WEAKLY INCREASING SEQUENCES
RELATED RESULTS AND EXPECTATIONS

SHARPENING THE THRESHOLD REGION

Sharper threshold region
Erdds-Szekeres and Dilworth

IX4 ¥ ISP¢ . threshold region

T4 + ISP,

Figure: Phase transitions for ISP¢
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PHASE TRANSITIONS
WEAKLY INCREASING SEQUENCES
RELATED RESULTS AND EXPECTATIONS

RELATED RESULTS

Sharper threshold region
Erdds-Szekeres and Dilworth

Instead of F : X — N, we now consider F : X — !, where w is the first
infinite ordinal and / € N.

}
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PHASE TRANSITIONS
WEAKLY INCREASING SEQUENCES
RELATED RESULTS AND EXPECTATIONS

RELATED RESULTS

Sharper threshold region
Erdds-Szekeres and Dilworth

Instead of F : X — N, we now consider F : X — w/, where w is the first
infinite ordinal and / € N.
= definition of w'-n-ISP-density-(f).

Similar results can be obtained.

)
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PHASE TRANSITIONS
WEAKLY INCREASING SEQUENCES
RELATED RESULTS AND EXPECTATIONS

Sharper threshold region
Erdds-Szekeres and Dilworth

Erd6s-Szekeres

The Erdds-Szekeres theorem states that a given sequence ay, ..., a,.
of real numbers contains a weakly increasing subsequence of length
n—+ 1 or a strictly decreasing subsequence of length n+ 1.

= ES-density

)
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PHASE TRANSITIONS
WEAKLY INCREASING SEQUENCES
RELATED RESULTS AND EXPECTATIONS

Sharper threshold region
Erdds-Szekeres and Dilworth

Erd6s-Szekeres

The Erdds-Szekeres theorem states that a given sequence ay, ..., a,.
of real numbers contains a weakly increasing subsequence of length
n—+ 1 or a strictly decreasing subsequence of length n+ 1.

= ES-density

Dilworth

The Dilworth theorem states that a given partial order with distinct
elements ay, ..., a,2 contains a chain of length n+ 1 or an antichain of
length n+ 1.

= D-density

)
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PHASE TRANSITIONS
WEAKLY INCREASING SEQUENCES
RELATED RESULTS AND EXPECTATIONS

THANKS - PERSONAL INFORMATION

Sharper threshold region
Erdds-Szekeres and Dilworth

Thank you for listening.

Michiel De Smet and Andreas Weiermann
{mmdesmet,weierman}@cage.ugent.be

Department of Pure Mathematics and Computer Algebra
Ghent University
Krijgslaan 281

Building S22

9000 Gent

Belgium i
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