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Let 0 < k be infinite regular cardinals.

D is a -matrix on k if
D={D(,8):1i<0,3<k}

where the entries D(i,3) are sets such that for
each (.

o Uz<9D(Zaﬁ) — /81

e D(i,8) C D(4,B) ifi<j<é.

0 is the width of D and k is the height of D.



Typically any f : [k]? — 0 define a #-matrix on
K

Dy ={D(i,8) 11 < 0,8 <k}
setting D(i,8) ={a < f: fl(a,8) <1i)}.
Conversely any 6-matrix D on k define a color-
ing f:[x]? — 0 by

f(a,B) = least i < 0 such that a € D(4,8)



Definition 1 Given a 6-matrix D on k, the
covering property CP(D) holds if there is A un-
bounded subset of k such that [A]? is covered
by D.

Where £ is covered by F if for all X € £ there
isY € F such that X CY.



We focus our attention on the covering prop-
erties CP(D) for the following reasons:

e Strong forcing axioms like PFA and MM or
strongly compact cardinals implies CP(D)
for a wide range of matrices D as above.

e It can be seen that a number of prob-
lems concerning singular cardinal combina-
torics can have an equivalent formulation in
terms of the validity of the covering prop-
erty CP(D) for the appropriate matrices D.



A list of problems in singular cardinal com-
binatorics that can be treated by means of
CP(D)

e Various proofs that the proper forcing ax-
iom PFA implies the singular cardinals hy-

pothesis SCH: i.e the cardinal arithmetic
,{Cf(m) — T 4+ 2Cf(ﬁ3).

e Various proofs that large cardinals and forc-
ing axioms imply the negation of many square
principles.

e A complete description of Shelah’s approach-
ability ideal Z[X,41] in models of Martin’s
maximum MM (joint work with Assaf Sharon).

e An analysis of the "saturation” -properties
of models of strong forcing axioms (PFA,
MM), this will be made precise in the se-
quel.



A sample on how the covering properties
CP(D) can be applied.

We sketch a proof of the following theorem by
Solovay.

Theorem 2 (Solovay) Assume X\ is strongly
compact and k > A has uncountable cofinality.
Then kY0 = k.

This theorem can be combined with another
classical result by Silver to conclude that SCH
holds above a strongly compact cardinal.



A sketch of the proof of Solovay’s theo-
rem:

We proceed by induction on a « > XA of un-
countable cofinality to show k%0 = k. There
are threee cases to consider:

e xisa limit cardinal. Then kY0 = supy.,. N0 =
SUPg<, 0 = K.

e x = v and v has uncountable cofinality.
Then we can use the Haussdorff formula
k™0 = N0 4 T and the inductive assump-
tion on N0 to conclude kYo = T,

e x = v T and v has countable cofinality. Here
we will crucially use the fact that X is strongly
compact and k > X\ is regular.



We must show %0 = x where k = v and v
has countable cofinality.

We fix an increasing sequence {v, : n € w} of
regular cardinals converging to v.

By inductive assumption uﬁo = v, for all n.

Fix for any 8 < k a surjection gbﬁ v — (.

Set ¢vn] = D(n, §).

D={D(n,B8) :n€cw,B <k}

IS an Ng-matrix on k.



For the moment assume CP(D) holds.

Then there is A unbounded subset of x such
that [A]N0 is covered by D, i.e.:

[AfoC | [D(n, B0
NEw,B<K

Now for each n, 3,

[D(n, B)IN0| < 130 = vy < v

Finally:

kYO =A% < ) D, AN <k xv =k
n<w,B<kK

So the proof is complete once we show that
CP(D) holds.
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Fact 1 Assume 6 < X\ < k are regular cardinals,
A IS strongly compact and

D={D(:,8):i<0,3<k}
is a 0-matrix on k. Then CP(D) holds.

Proof: Fix a A\-complete uniform ultrafilter U

on k. Let:

AL ={8>a:ac D(,pB)}

for each aa < x and ¢ < 6.
Now k \ o € U for each a and &\ a = ;< AL.
So for each « there is iq < 6 such that Al ¢ U.

Since k > 60 is regular there is 7 < 6 such that
for some fixed z:

IS unbounded in k.
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We show [A4,]? is covered by D.
Pick X € [4;]°.

Since U is A-complete, X has size § and A, € U
for all o« € X, soO:

A= () A, cU.
aeX
Thus there is 3 € A.

Then a € D(i,8) for all a € X as was to be
shown. []

Solovay’'s theorem is now proved. L]
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T he previous example shows:

A

If for every singular cardinal v > 280 of count-
able cofinality, there is an Rg-matrix D on vT
such that:

e all its entries have size less than v,
e CP(D) holds,

then the singular cardinal hypothesis holds.

B

In the case that D is a 6-matrix on a regular
k with 6 < A < k and A a strongly compact
cardinal CP(D) holds.
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All the problems on singular cardinal combina-
torics listed before can be approached along
the lines of the proof of Solovay's theorem.

The first step is to recognize that the relevant
problem is reducible to the validity of CP(D)
for the appropriate family of matrices D.

The second step is to isolate the right condi-
tions on D which guarantees that CP(D) can
hold.
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For the other problems listed before the com-
plexity of the solutions provided by this ap-
proach may increase considerably for two ob-
ViOUusS reasons:

e It is not apparent that a solution to the
problem follows by the validity of CP(D)
for some appropriate class of matrices D.

e It is not clear whether CP(D) for the rel-
evant family of matrices D can at all be
consistent.

T his leads to analyze in more detail the combi-
natorial properties of 8-matrices on k or equiv-
alently of the colorings f : [k]? — 6.
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Definition 3 Let 8 < k be regular cardinals.

D=1{D(@,8):i<6,8< k)

is a 0-covering matrix on k if it is such that:

o 0=U,;,«c9D(,pB) for all i <8,

e D(i,8) C D(4,8) for all i < j.

e foralla< B8< k and all i < 0 thereis j <6
such that D(i,«) C D(7,3),

Bp = sup{otp(D(i,5)) :i < 6,8 < K}.
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Given a 0-covering matrix D on k we say that:

e D is downward coherent if for all a < 8 <
k and all ¢ < 6 there is 57 < 6 such that
D(i,8) Na C D(j, o),

e D is locally downward coherent if for all
X € [k]? there is v < k such that for all
B < k and all 1 < 0 there is 7 < 0 such that

D(%,8) Ny € D(5,7),
e D is normal if Bp < k.

Remark that a downward coherent matrix is
locally downward coherent.

17



When CP(D) fails and why CP(D) is in most
cases a large cardinal assumption.

Lemma 4 (Cummings and Schimmerling)
Assume k is a reqular cardinal. Then there is a
normal, downward coherent, k-covering matrix
D on k7.

Lemma 5 (Jensen) Assume that U, holds. Then
there is a normal, downward coherent, Xg-covering
matrix D on k1.

Fact 2 Assume that 6 < k are regular cardi-
nals and D is a normal, downward coherent,
0-covering matrix D on . Then CP(D) fails.

Corollary 6 (Solovay) Assume M is strongly
compact. Then O fails for all k > .
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Proof of the fact: Assume to the contrary
that A is an unbounded subset of x and [A]Y is
covered by

D={D(@,8):i<6, B<rT}

where D is a normal, downward coherent 6-
covering matrix on k.

Since Bp < k, we can pick an initial segment
of A of order-type larger than (Gp.

Let n < kT be its supremum.

Now ANn < D(i,n) for all 1 < 6 since

otp(ANn) > Bp > otp(D(7,7n))
for all ¢ < 6.

Thus we can produce X subset of Ann of size 6
such that X \ D(4,n) is non-empty for all 1 < 6.
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Since [A]? is covered by D we can find v < &
and 7 < 0 such that X C D(4,v).

Now since D is downward coherent, we have
that for some j < 60, D(i,v) Nn C D(j,n).

Thus X C D(4,n). Contradiction. ]



Theorem 7 Assume PFA, let kK > N1 be a regu-
lar cardinal and D be a locally downward coher-
ent, Ng-covering matrix D on k. Then CP(D)
holds.

Corollary 8 (Todorcevic) AssumePFA. Then
O, fails for all regular uncountable k.

Recall that Uk holds in L for all uncountable
k and it is known to be consistent with (for
example) k being measurable.
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PFA and SCH

We can also hint how to prove that PFA implies
SCH,

Lemma 9 For all singular cardinal k of count-
able cofinality, there is a normal, locally down-
ward coherent Rg-covering matrix D on k7.

By PFA, CP(D) holds for any such Rg-covering
matrix D on x7.

As in the proof of Solovay's theorem, we con-
clude that

kN0 = kT for all k of countable cofinality.
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Rigidity of models of strong forcing axioms

MM and PFA appears to produce models of set
theory in which every ""consistent” set of size
at most N7 "exists”.

How to formulate this in a suitable form?

For example in this way:

Theorem 10 (VelickoviC) Assume MM. Let
W be an inner model such that wy = wo. Then

P(w1) CW.

Theorem 11 (Caicedo, Vel.) Assume W C
V are models of BPFA such that wY = ws.
Then P(wy) C W.
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We want to extend these results all over the
cardinals:

Conjecture 1 (Caicedo, VeliCkovi€) Assume
W CV are models of MM with the same cardi-
nals. Then [Ord]S«1 C W.

This is almost best possible, since:

e T here exist W C V models of MM with the
same cardinals such that [Ord]¥2 € W.

e Using stationary tower forcing it is possi-
ble to produce two models of MM, W C V
such that [Ord]S¥t ¢ W. However the two
models have different cardinals.
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FIRST PROBLEM TO MATCH: FIXING
THE COFINALITIES.

Results by Cummings and Schimmerling show
that if W C V are models of ZFC with the same
cardinals and V models PFA then the two mod-
els have the same cardinals of countable cofi-
nality.

This result can be proven using covering ma-
trices.

Notice that if g is a generic Prikry sequence on
a measurable k, V C V|[g] have the same car-
dinals but g € V is a countable set of ordinals.

Cummings and Schimmerling result shows that
PFA cannot hold in the generic extension by
Prikry forcing.
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How to use covering matrices for Cum-
mings and Schimmerling result.

Fact 3 Assume W is an inner model and « is
a singular cardinal such that:

e it is regular in W,

o (kW =kT.

Then there is a normal, downward coherent,
cf(k)-covering matrix D on k7.

Proof of the fact: In W there is a normal,
downward coherent, xk-covering matrix D on
xT. We can use a cofinal sequence in k of
order-type cf(k) to refine it to a normal, down-
ward coherent, cf(x)-covering matrix D on 7.
[]
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We mentioned that under PFA there cannot be
a normal, downward coherent Np-covering ma-
trix on k.

Corollary 12 (Cummings and Schimmerling)
Assume k IS measurable and G is generic for
Prikry forcing on k. Then PFA fails in V[G].

Proof of the corollary: Prikry forcing pro-
duces two models W C V with the same car-
dinals and such that k has countable cofinality
in V. This is incompatible with PFA. L]
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The following theorem continues a pattern al-
ready explored by Hamkins which obtained many
results of a similar vein:

Theorem 13 Assume )\ is strongly compact
and k> X. Let W be an inner model such that
k is regular in W and kT = (s T)W.

Then cf(k) > A.

Proof of the theorem If not let 0 = cf(k) < A.
By the previous fact there is a normal, down-
ward coherent 6-covering matrices D on kT,
Since 8 < A < kT, and )\ is strongly compact,
CP(D) holds.

This is impossible since we know that CP(D)
cannot hold for any normal, downward coher-
ent #-covering matrices on . O
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We can also prove the analogue result for mod-
els of MM but the proof is more sophisticated
and combines techniques coming from Cum-
mings and Schimmerling with an application
of the Strong Chang conjecture.

Theorem 14 Assume MM. Let x be singular
(and strong limit). Let W be an inner model
such that k is regular in W and xT = (v )W
Then cf(k) > w1.

These results settle the problem with cofinali-
ties.

Notice that it can be the case that there are
two models W C V which agree on cardinality
and such that the least « which is regular in W
and singular in 'V has uncountable cofinality.

Theorem 15 (Gitik) There are W CV mod-
els of ZFC with the same cardinals, the same
bounded subsets of k and such that k is regular
in W and has cofinality wy in V.
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Back to the conjecture of Caicedo and Velickovic,
the best result we can currently prove is the
following:

Theorem 16 Assume W C V have the same

cardinals, V. models MM and is a set-forcing
extension of W. Then [Ord]S*1 C W.
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Covering properties and the approachabil-
ity ideal

Covering properties can be used to provide a
complete characterization of the approachabil-
ity ideal Z[R,41] in models of MM.

For example we can prove:

Theorem 17 Assume:

e Martin’'s maximum holds,

e N, is strong limit.

Then club many points in R, of cofinality
N, are approachable for all n > 1.
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This is a partial answer to a problem asked in:

M. Foreman and M. Magidor, A very weak
square principle, JSL 1997(1), 175-196.

Is it consistent to have a stationary set of non-
approachable points of cofinality N in R ,4 17

A result of Magidor covers the case of points
of cofinality Nq:

Theorem 18 (Magidor) If Martin’s maximum
holds, there are stationarily many non-approachable
points in N, 41 of cofinality Nj.
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Chang conjectures for singular cardinals
Cummings asked in:

J. Cummings, Collapsing successors of singu-
lars, PAMS, 125(9), 1997, 2703-2709

Is it consistent that (kt,xk) — (No,N1) for a
singular k of countable cofinality?

Another application of covering properties is
the following:

Theorem 19 Assume MM. Then
(kT k) = (No,Np)
fails for all singular cardinals k.

32



The approachability ideal Z[\] has been intro-
duced by Shelah in his analysis of singular car-
dinals combinatorics.

Three results for Z[\] when X is the successor
of a singular k:

e There is a stationary set in Z[\]. This has
been used to prove the existence of scales.

e 7[A\] = P(X) unless very large cardinals are
behind the scene.

e Preservation of stationarity of S under \-
closed forcing: requires slightly more than
S e I[A].
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An useful characterizaton of the approach-
ability ideal

Given

d: [Nw—|—1]2 — W

e d is normal if

D@, 8) ={a<p:d(a,p) < i}

has size less than N, for all + and g,

e d is transitive if whenever o € D(4,3)

D(i, ) € D(4, 8)
for all o < 3 and z,

e ) of uncountable cofinality \ is d-approachable
if there is H unbounded in 6 such that
[H]<? is covered by the family:

{D(,B) :i<w,B <4}
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The following is a definition of
the ideal Z[X 4] in case that R, is strong limit:

Property 20 (Shelah) TFAE:

[ ) S 6 I[Nw+1,Nw],

e there is a normal and transitive d, and a
clubC' in N,41 Such that é is d-approachable
for all o € SNC.

This characterization of the ideal is not specific
for N, and works for all strong limit singular
cardinals of any cofinality.
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We are led to analyze colorings

d : [Nw_|_1]2 — W

or equivalently the matrices

D(d) ={D(,B) :i <w,B <N, 41}

where

D@, 8) ={a < B :d(a,p) < i}

36



We have now a strategy to show that a § <
N,+41 Of uncountable cofinality N, is d-approachable:

1. Pick A cofinal subset of 46 of minimal order
type,

2. take £ to be the transitive collapse of the
structure {D(i,a) NA i< w,a € A},

3. find G unbounded subset of N, such that
all its initial segments are covered by &,

4. pull back G through the inverse of the tran-
sitive collapse of A to an unbounded subset
L of A which is covered by

{D(i,oz):i<w,oz<5},

and use the previous property to argue that
d is d-approachable.

the hard work is now only in part 3.
37



More properties for covering matrices
Back to the previous slide we see that:

D(d) is an w-covering matrix on 8,11 and £ an
w-covering matrix on No.

e An Ng-covering matrix D on R, 1 is transi-
tive if o € D(4,0) implies D(i,«) C D(3,3).

e D is uniform if for all 8 < N ,41 there is
C club subset of 3 contained in D(i,3) for
some i < w,

e Bp < Ais the least g such that for all < and
v, otp(D(%,7v)) < B,

e Dis normal if Bp <N, ,41.
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If d is normal and transitive D(d) is an example
of a transitive Rp-covering matrix D on R 44
with ﬁp = K.

£ is an example of a transitive Rg-covering ma-
trix on cf(d) (a priori we can’t say much on the
value of (¢).
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In this context we are interested in uniform,
transitive w-covering matrices.

Lemma 21 There is a uniform, normal and

transitive w-covering matrix D on X, 1 Wwith
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Remark 22 Consider the previous example of
the matrix £ obtained by the transitive collapse
of

{D(,a)NA:i<w,a € A}

where A is a subset of 6 of minimal order type.
Provided that A is a club in 6, the matrix &€

inherits the property of being a uniform, tran-
sitive w-covering matrix on cf(9).
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What we need to prove is the following:

For every unbounded and transitive Ng-
covering matrix D on cf(§), there is an
unbounded subset of cf(§) such that all
its initial segments are covered by D.

CP(D) is very close to what we are looking for.

It gives us an unbounded subset A of cf(6)
such that [A]X0 is covered by D.

We would like that [A]<¢T(d) is covered by D
and not just [A]No.
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The key facts are the following:

Lemma 23 Assume:

e D s a transitive and uniform Ng-covering
matrix on N,

e Every countable family of stationary sub-
sets of N, consisting of points of countable
cofinality reflects jointly on some 6 < N,,.

Then CP(D) holds i.e. there is A unbounded
subset of X, such that [A]N0 js covered by D.

Fact 4 Assume D is an Ng-covering matrix on
N, and [A]R0 s covered by D. then [A]®»-1 js
covered by D.
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By the lemma and the fact we get that under
MM:

Given a d : [R,11]° — Ng such that
the associated matrix D(d) is a normal,
transitive and uniform, Ng-covering ma-
trix on N 41, every 0 of cofinality at
least N> is d-approachable.
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Some open problems (possibly not related
to these covering properties....)

Caicedo and VeliCkoviC conjecture:

Assume W C V have the same cardinals and
V. models MM. Do they have the same wi-
sequences of ordinals?

This conjecture cannot be made false using
set-forcing so it should be truel!!l

A conjecture in the same spirit is the following

Assume W C V are models of ZFC with the
same cardinals and V models MM. Then W
and V agrees on cofinality.
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More open problems:

Is it consistent that Sﬁj is not in Z[kT] for a
k Oof countable cofinality?

Thisis a very large cardinal property and all the
known approach to try to achieve this property
fail.

Is it consistent with MM that (kT , k) — (Ro, R1)
for some uncountable k7

Using classical results on the tree property we
can see that k<¥ = k and PFA imply (rkT,k) %4

(N, Nq)
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