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Simple types are preserved by reductiol
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Simple types are NOT preserved by expansior
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Simple types are NOT preserved by expansior
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Universal type ()
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Simple types are NOT preserved by expansior
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Two or more occurrences of N
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Intersection types
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Intersection types
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Intersection types
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Example
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Type Theories
-

a type theory V Is a set of statements of the form o <y 7
Including the following axioms and rules:

o< oMo ot <o, cNT < T
USU/,TST/:>O'HO'/§THT/ O-No-/yTNT/:>O-—>TNOJ%T/
(c—=71)N(0—() ~ o—TN( og—§) ~ Q—)

o<o o<1, 7T<( =0<(
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Subsumption rule
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Subsumption rule

I'-M:0 o<vgrT
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Subsumption rule
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The setF" of filters
~

A V-filter is a set X of intersection types
such that:

s Qe X
s ifo<grandoe X,thent e X
o Ifo, 7€ X, thenonrt € X

Fv Is the set of filters
TV X is the filter generated by X

o Wois 1V {o} o
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(Fv, C) is anw-algebraic complete lattic
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Interpretation of A-terms

- .

For any A-term M and environment
p:var — Fy
[MﬂfV:{TET\HF:p.FI—M:T}

where I' = p iff (x : 0) € T" implies o € p(x).
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Interpretation of A-terms

- .

For any A-term M and environment
p:var — Fy
[MﬂfV:{TET\HF:p.FI—M:T}

where I' = p iff (x : 0) € T" implies o € p(x).

Is (Fv, C) a A-model (filter model)?
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Interpretation of A-terms

- .

For any A-term M and environment
p:var — Fy
[MﬂfV:{TET\HF:p.FI—M:T}

where I' = p iff (x : 0) € T" implies o € p(x).

Is (Fv, C) a A-model (filter model)?

iff T Y \z.M : o—7 implies
Dx:obFY M1
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Filter Models

- .

With suitable type theories we can obtain filter models
Isomorphic to

© o o o o o b
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Filter Models

- .

With suitable type theories we can obtain filter models
Isomorphic to

Scott inverse limit models:
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With suitable type theories we can obtain filter models

Filter Models
B

Isomorphic to

® Scott inverse limit models;

® Scott P, model:

9
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With suitable type theories we can obtain filter models

Filter Models
B

Isomorphic to

® Scott inverse limit models;

® Scott P, model;

#» Plotkin-Engeler models;
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Filter Models
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With suitable type theories we can obtain filter models
Isomorphic to

Scott inverse limit models;
Scott P, model;
Plotkin-Engeler models;
Abramsky-Ong model;
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Filter Models

- .

With suitable type theories we can obtain filter models
Isomorphic to

Scott inverse limit models;
Scott P, model;
Plotkin-Engeler models;
Abramsky-Ong model;
Girard qualitative model;
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With suitable type theories we can obtain filter models

©® © o o o o 0

Filter Models
B

Isomorphic to

Scott inverse limit models:
Scott P, model;
Plotkin-Engeler models;
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Filter Models

- .

With suitable type theories we can obtain filter models
Isomorphic to

Scott inverse limit models;
Scott P, model;
Plotkin-Engeler models;
Abramsky-Ong model;
Girard qualitative model,
Girard guantitative model;
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Filter Models

- .

With suitable type theories we can obtain filter models
Isomorphic to

Scott inverse limit models;
Scott P, model;
Plotkin-Engeler models;
Abramsky-Ong model;
Girard qualitative model,
Girard guantitative model;
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Filter models versus inverse limit model:

- .

We can describe an inverse limit model D, by taking:

# the types freely generated by closing (a set of atomic
types corresponding to) the elements of Dy under the
function type constructor — and the intersection type
constructor M;

L model
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Filter models versus inverse limit model:

- .

We can describe an inverse limit model D, by taking:

# the types freely generated by closing (a set of atomic
types corresponding to) the elements of Dy under the
function type constructor — and the intersection type
constructor M;

# the preorder between types induced by reversing the
order in Dy and by encoding the initial projection,
according to the correspondence:

function type constructor +— step function
Intersection type constructor +— join

o -
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Example
L?ﬁ T

n:_>ﬁ
ﬁ:_>n

1l=1

[DO — DQ]
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A v
v n=-n
N 7
v n=-n
L v

[DO — DQ]

io(ﬁ) = n=-n io(n) = n=-n io(J_) =1=1

U~ V—D U~ U—1 () ~ ()—0)

properties
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Stone dualities

- .

we started from types and arrived to models:
what is the framework?
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Stone dualities
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we started from types and arrived to models:
what is the framework?

Stone dualities
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Stone dualities

- .

we started from types and arrived to models:
what is the framework?

Stone dualities
topological spaces as partial orders
Stone spaces as Boolean algebras (Stone, 36)
Scott domains as information systems (Scott, 82)

w-algebraic complete lattices as intersection type theories
(Coppo et al., 84)

SFP domains as pre-locales (Abramsky, 91)
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semantics of terms
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type assignment
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semantics of types
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Stone duality
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A filter model characterizing normalising terms

-

M e N iff M — 3 a normal form T
M e PN iff YN e N MN € N

-

~

- N
o
N
N Y

v <p<() J
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A filter model characterizing normalising terms

- .

M € PN impliesVN e N MN € PN
M:vimpliesVN: v MN: D

U~ U—D

o -

lintersection types | type theories] filter models | Stone dualit |properties of A-terms |questions [extra |LC 2008 — pp.37/




A filter model characterizing normalising terms

- .

M € PN impliesVN e N MN € PN
M:vimpliesVN: v MN: D

U~ U—D

M € N implies VN € PN MN € N/
M:vimpliesVN: 0o MN: v

U~ D—U

o -
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A filter model characterizing normalising terms

f M € PN implies VN e N MN € PN T
M:vimpliesVN: v MN: D

U~ U—D

M € N implies VN € PN MN € N/
M:vimpliesVN: 0o MN: v

UV~ DU—U
M e AimpliesVN € A MN € A

M: Q impliesVN: Q) MN: Q)
() ~ O—0

Isomorphism
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A filter model characterizing head normalising terms

-

M € HN iff M —»3 Az .yN
M € PHN iff YN € A MN € HN

-

-~

/

GHN )
HN
N

~

/

,u

-
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A filter model characterizing head normalising terms

- .

M € PHN impliesVN € A MN € PHN
M: jimpliesVN: Q MN: [
fo~ Q=

o -
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A filter model characterizing head normalising terms

- .

M € PHN impliesVN € A MN € PHN
M: jimpliesVN: Q MN: [
fo~ Q=
M € HN implies VN €¢ PHN MN € HN
M: pimpliesVN: i MN: u
o~ =

o -
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A filter model characterizing head normalising terms

- .

M € PHN impliesVN € A MN € PHN
M: jimpliesVN: Q MN: [
fo~ Q=
M € HN implies VN €¢ PHN MN € HN
M: pimpliesVN: i MN: u
o~ =
M e AimpliesVN € A MN € A

M: Q impliesVN: Q) MN: Q)
A~ A=A

o -
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Intersection types characterize also
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closable terms

N _ -
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Intersection types characterize also
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closable terms
terms of the I-calculus

o -
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Intersection types characterize also

- .

closable terms
terms of the I-calculus
weak head normalising terms
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Intersection types characterize also
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closable terms
terms of the I-calculus
weak head normalising terms
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Intersection types characterize also
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closable terms
terms of the I-calculus
weak head normalising terms
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A filter model characterising...
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K
-
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N _ -
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Inverse limit model

[DO — ’DQ]J_

i0(A) = (L=h) U (n=h)  ig(n) = (h=h) U (A=n)

o o(R) = L=h  ig(h) = h=h (L) =L .
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Types and preorder

correspondence
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Types and preorder

A A

FARN
h n I v
.

(L

h
v b
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correspondence
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Types and preorder

2N N
h n I v
NS N S
h 7
| A
1 9
(L=h)U (n=h) ig(n) = (h=h) U (A=n)
1L =h io(h) = h=h

correspondence
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Types and preorder

2N N
h n I v
NS N S
h 7
| A
1 9
i0(A) = (L=h) U (n=h) ig(n) = (h=h) U (A=n)
io(h) = L=h io(h) = h=h

correspondence
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Main Theorem

MecPNIffT, M :v
MeNIffl', - M :v
M e PHN iff ', = M : [
M e HN ffL, = M :
M e PYWN iffT', = M . Q" for all n € IN
M e iff ', = M : QQ—Q)

'y ={z:0|Vo € var}

o




Open problems

=

can we characterize in some significant way the class
of evaluation properties which we can characterize
using filter models?

IS there a method for going from a logical specification
of a property to the appropriate filter model?

which properties cannot be characterised in the same
filter model?

which properties must be characterised in the same
filter model?

-
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guestions
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guestions

thank you for your attention

o -
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Klop’s extended A-calculus A~

- .

\*-terms

o -
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Klop’s extended A-calculus A~

- .

A*-terms
Su=ux | .S|S5|]S, 5]

o -
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Klop’s extended A-calculus A~

- .

A*-terms
Su=ux | .S|S5|]S, 5]

1S, Ty, ..., T, is short for [...[[S,T1],T5] ..., T}]

o -
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Klop’s extended A-calculus A~
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A*-terms
Su=ux | .S|S5|]S, 5]

1S, Ty, ..., T, is short for [...[[S,T1],T5] ..., T}]
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Klop’s extended A-calculus A~

- .

A*-terms
Su=ux | .S|S5|]S, 5]

1S, Ty, ..., T, is short for [...[[S,T1],T5] ..., T}]

Az.S, Uy, ..., Up[T — [Slz:=T],Uy,...,Up]
If x € FV(.9)

o -
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Klop’s extended A-calculus A~

- .

A*-terms
Su=ux | .S|S5|]S, 5]

1S, Ty, ..., T, is short for [...[[S,T1],T5] ..., T}]

Az.S, Uy, ..., Up[T — [Slz:=T],Uy,...,Up]
If x € FV(.9)
.S Ur, . UT o [S,Uh,..., Uy, T
If x & FV(S)
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An inverse limit model for SN* and PSN™*

- .

strict function f( 1) = |

o -
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An inverse limit model for SN* and PSN™*

- .

strict function f( 1) = |

=un<uw

o -
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An inverse limit model for SN* and PSN™*

- .

strict function f( 1) = |

A

S S=S
V A %

S S=S
v v

A1 1l=1

DO [DQ — | D()]

o -
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An inverse limit model for SN* and PSN™*

- .

strict function f( 1) = |

A

e s=3§

y A v

s §=s

v v

1 1l=1
Do Do — 1 Do

S € PSN*,T € SN* implies ST €¢ PSN*

o -
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An inverse limit model for SN* and PSN™*

- .

strict function f( 1) = |

A

e s=3§

y A v

s §=s

v v

1 1l=1
Dy Do — 1 Do

S € PSN*, T € SN* implies ST € PSN*  i§(5) = s=3

o -
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An inverse limit model for SN* and PSN™*

- .

strict function f( 1) = |

A

e s=3§

y A v

s §=s

v v

1 1l=1
Dy Do — 1 Do

S € PSN*, T € SN* implies ST € PSN*  i§(5) = s=3
S e SN*, T € PSN* implies ST € SN*

o -
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An inverse limit model for SN* and PSN™*

- .

strict function f( 1) = |

A

e s=3§

y A v

s §=s

v v

1 1l=1
Dy Do — 1 Do

S € PSN*, T € SN* implies ST € PSN*  i§(5) = s=3
S € SN*, T € PSN* implies ST € SN*  i§(s) = s=s

o -
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An inverse limit model for SN* and PSN™*

- .

strict function f( 1) = |

A

e s=3§

y A v

s §=s

v v

1 1l=1
Dy Do — 1 Do

S € PSN*, T € SN* implies ST € PSN*  i§(5) = s=3
S € SN*, T € PSN* implies ST € SN*  i§(s) = s=s
S e A, T € A* implies ST € A*
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An inverse limit model for SN* and PSN™*

- .

strict function f( 1) = |

A

e s=3§

y A v

s §=s

v v

1 1l=1
Dy Do — 1 Do

S € PSN*, T € SN* implies ST € PSN*  i§(5) = s=3
S € SN*, T € PSN* implies ST € SN*  i§(s) = s=s
S € A, T € A*implies ST €¢ A*  i§(L)= l=1
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An inverse limit model for SN* and PSN™*

- .

strict function f( 1) = |

A

e s=3§

y A v

s §=s

v v

1 1l=1
Dy Do — 1 Do

S € PSN*, T € SN* implies ST € PSN*  i§(5) = s=3
S € SN*, T € PSN* implies ST € SN*  i§(s) = s=s
S € A, T € A*implies ST €¢ A*  i§(L)= l=1

o -
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Simple easy terms

- .

A filter scheme S is a mapping: (V,() — V'

A lambda term FE is simple easy If there exists a filter
scheme Sg such that

[E]Y =1Y ¢u[E]Y
where
o v, — SE(V, C)

® V' induces a filter model whenever V induces a filter
model

o -
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Some simple easy terms

|7 W, = \z.2x Wo =W, W, I=)\z.x T
Wo Sw,(V,() = VU{p~p—(}
WaWa Sw,w,(V,() = VU{Y~ (@¥—w)N (@p—w—(),

W~ =W, o~ w—w}

Wl Sw,1(V, ()

VU{a~ (y—a) N (B—0—(),
B~ y—a,y ~y— 0,

0~ 1=1),1) ~ 0—1),

a <8<~}

o -
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Key property of simple easy terms

- .

If £/ Is a simple easy term then there exists
a filter model F+v In which
[E]Y =1V {0 €T |P(o)} where Pis a
“continuous” predicate on types.

N _ -
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Semantic proofs of easiness

- .

a closed term E Is easy If, for any other
closed term M, the theory A\ + {M = E}
IS consistent

all simple easy terms are easy

N _ -
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Consistency ofA-theories

The \-theory 7 Is axiomatized by

Wozr =x; Worxy = Woyx
Waox(Wayz) = Wa(Wazy)z

-
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Consistency ofA-theories

The \-theory 7 Is axiomatized by

Wozr =x; Worxy = Woyx
Waox(Wayz) = Wa(Wazy)z

W5 Is simple easy
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Consistency ofA-theories

The A-theory 7 Is axiomatized by
Wozr =x; Worxy = Woyx
Waox(Wayz) = Wa(Wazy)z

W5 Is simple easy

iIdea: interpret W as the join operator on filters

-
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Consistency ofA-theories

The \-theory 7 Is axiomatized by

Wozr =x; Worxy = Woyx
Waox(Wayz) = Wa(Wazy)z

W5 Is simple easy
idea: interpret W as the join operator on filters

the join operator on filters is a filter generated by a
continuous predicate

U=1V {o—7—0NT7}
P(XV,p) & p=oc—1—0NT

-
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Minimal fixed point operator

-

For all simple easy terms E there are filter models FV such
that [E|V represents the minimal fixed point operator fix

-
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Minimal fixed point operator

-

For all simple easy terms E there are filter models FV such
that [E|V represents the minimal fixed point operator fix

Warning: there is no fixed point combinator Y such that
Y]V represents fix in each filter model FV

Counter-example: Park model where the interpretation
of each closed term (included Y1) is greater than L

-
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Filter models for recursive terms

. .

p-terms:
M=z | MM | e M | px.M

reduction rule:
pr.M — Mux.M /x|

o -
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Filter models for recursive terms

-

Ap-terms:

-

M=z | MM | e M | px.M

reduction rule:
pr.M — Mux.M /x|

For all simple easy terms E there are filter
models FV such that

|E(Ax.M)|Y = |px. M|V

forall M € Au
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Open problems
=

s does easiness imply simple easiness?

» which A-theories can be proved
consistent using the present approach?

s Which operators can be equated to
simple easy terms?

o -
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