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Modular ordinal analysis — Motivation

Proof-theoretic ordinal |T| of a theory T of L,

a > |T|: bound on depth of cut-free proofs

For all finite sets T of L; sentences, T T = PA* |- .

a < |T|: ais provable in T

TkFProg (U) - acU.
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Proof-theoretic ordinal |T| of a theory T of L,

a > |T|: bound on depth of cut-free proofs

For all finite sets T of L; sentences, T T = PA* |- .

a < |T|: ais provable in T

TkFProg (U) - acU.

Boundedness Lemma (Pohlers, Beckmann)

PA* }% Tl4(U,0) = a <~
(cuts of the form ¢ € X are still allowed).
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Questions answered by an ordinal analysis of T

@ What does it cost to eliminate a cut with some axiom A?
Trale =T
@ Lower bounds: How far can we jump?

T+ Wo' (a) — Woa(f(a))?

Wo'l (a) := WXVe[Prog ({3 : 7} (X, B,¢)}) — 7} (X, a,¢)].
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Descriptions of T

Let T be a subsystem of second order arithmetic. A representable
normal function f : Ord — Ord describes a formal theory T, if

Q TS ST = PA*[S] }@ I, and

QTH Wog'! (a) — Wo4(f(e)) (I}, is the formula complexity of T).
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Descriptions of T

Let T be a subsystem of second order arithmetic. A representable
normal function f : Ord — Ord describes a formal theory T, if

Q@ TS|} T — PA*[S] . T, and
QTH Wo<{ (a) — Wo4(f(e)) (I}, is the formula complexity of T).

Example: The normal function a — ¢la describes ACA,
o If ACA;[S] K- T, then PA*[S] - T. Hence PA*[S] 21 T,

@ (ACA) is VXVedY[Y = (J%).], where JX := {(x,e) : 7)(X,x,e)},
i.e. ACA is IL).

@ Theclass Z := {v : Wo,(pl7)} is progressive. Z is II}.

@ Hence ACA, - Wogﬁ (a) = Woy(pla).

v
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Modular ordinal analysis

Some operations on theories
@ S[T] is the L,(M) theory S+ M = T.
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Modular ordinal analysis

Some operations on theories
@ S[T]is the Ly(M) theory S+ M = T.
@ Iim(T) is VZ3X[Z€ X AN trans(X) AX E T],
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Modular ordinal analysis

Some operations on theories
@ S[T]is the Ly(M) theory S+ M = T.
@ Iim(T) is VZ3X[Z€ X Atrans(X) AX =T,
o II}-Refly is IT}(Z,e) — IX[ZEXAX ETATLN(Z,e)[X).
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Modular ordinal analysis

Some operations on theories
@ S[T]is the Ly(M) theory S+ M = T.
@ Iim(T) is VZ3X[Z€ X Atrans(X) AX =T,
o II}-Refly is IT}(Z,e) — IX[ZEXAX ETATLN(Z,e)[X).

We introduce a family of theories with the following properties:
If /5 and f1 describe S and T, then

@ f1 o fg describes S[T],

@ f1 describes lim(T),

e if fris a — 17000, then a — ©*+17a00 describes I1}-Reflr.
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Modular ordinal analysis

Some operations on theories
@ S[T]is the Ly(M) theory S+ M = T.
@ lim(T) is VZ3X[Z€ X N trans(X) A X |= T,
o IIl-Reflris TI}(Z,e) — IX[ZE XA X E T AIIL(Z, €)X].

We introduce a family of theories with the following properties:
If fs and f7 describe S and T, then

@ f1 o fg describes S[T],

@ f1 describes lim(T),

e if fris a — ¢*170a0, then a - ©*+17a00 describes TI}-Reflr.

Approximate limits by over operations.
Approximate I1}-Refly by limit operations and I1}-Refly, where T’ is
"simpler" than T.
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Towards I1.-reflection

o S%:=1I"-CA, and S"*! :=T1I9-CA; + I1}-Reflg,,
e S:=1I9-CA; + I1}-Reflp.
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Towards I1i-reflection

e SY:=II%-CA; and ™! = II-CA; + IT}-Reflg,
e S:=1I9-CA; + I1}-Reflp.

Remark (IT3-Reflsx)
Suppose that T is a finite set of ©} formulas. Then, —\/ T is 11}, and

=\/T — MM ESA=\/TIM], ie.

I, MMESA-\/TM]
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Towards I1i-reflection

e U .= IM9-CA; and S™*! := II>-CA; + I1!-Reflg,,
o S:=1II"-CA; + I1}-Reflp.

Remark (I13-Reflg)
Suppose that T is a finite set of ¥} formulas. Then, —\/ T is 11}, and

=\/T — MM ESA-\/TIM] ie.

I, 3MMESA-\/TM]

Lemma
LetT be a finite set of £ formulas. Then

SE I = SkFT.

v
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Modular ordinal analysis — Motivation

Proof (by induction on the depth k of the derivation)
@S }ki—l I is obtained by a cut with an instance A of I1}-reflection.
Assume we reflected the I1} formula VX3YB(X, Y).

So S }@ I', -A. Now A- and V-inversion and the I.H. yield

S* + I,3YB(U,Y),
S* + T,M [~ S° —(VX3YB(X,Y)IM).
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Modular ordinal analysis — Motivation

Proof (by induction on the depth k of the derivation)
@S }ki—l I is obtained by a cut with an instance A of I1}-reflection.
Assume we reflected the I1} formula VX3YB(X, Y).

So S }% I', -A. Now A- and V-inversion and the |.H. yield

S* + I,3YB(U,Y),
S* + T,M [~ S° —(VX3YB(X,Y)IM).

@ Since M = Sk implies M |= S°,

S M e SKTIM, VX3YB(X, Y) M,
S T, M £ SK —(VX3YB(X, Y)[M).
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Modular ordinal analysis — Motivation

Proof (by induction on the depth k of the derivation)
@S }"I—l I is obtained by a cut with an instance A of I1}-reflection.
Assume we reflected the I1} formula VX3YB(X, Y).

So S }% I', -A. Now A- and V-inversion and the |.H. yield

S* + I,3YB(U,Y),
S* + T,M [~ S° —(VX3YB(X,Y)IM).

@ Since M = Sk implies M |= S°,

S M e SKTIM, VX3YB(X, Y) M,
St b T M W S5 —(VX3YB(X, Y)M).
@ Acutyields S - I',I'|M, M [~ SK.
@ A cut with S¥1 - T, IM[M |= S¥ A = \/T'[M] yields SK+! - T
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Approximating IT}-reflection by iterating limits
Let T := I19-CA;, T := I1}-Refl;o and T*+! := lim(T").
Lemma
T I = T"}- I }
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Approximating IT}-reflection by iterating limits
Let TO := T19-CA;, T := IT}-Refl;o and T+ := lim(T").
Lemma

T I = T"}- I

Lemma (as expected to hold for the semi-formal system)
T T = TR T,
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Approximating IT}-reflection by iterating limits
Let T := I19-CA;, T := I1}-Refl;o and T*+! := lim(T").
Lemma

T T =TT

Lemma (as expected to hold for the semi-formal system)

T T = TR T,

Remark: T can be axiomatized by a I1} sentence.
@ In T%, we can reflect the 1} sentence axiomatizing T7.
@ T+ Prog {3 :VZ3X[Z€ X A X = TP} (T entails (£1-DC)),

@ Hence T9 Wog,%(a) — T,
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A family T’ of theories

o T .= IIV-CA;,
o T := I1}-Reflp,

: o T .= lim(T®),
o T7200 .— Il-Refl, o5.

o TT100 .— |im(T720),
@ T7otl .= lim(T7).
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A family T’ of theories

o T0.= H?-CA_,
o T% :=Il}-Refly,

h o T = lim(T%),
o T7200 .— Il-Refl, o5.

o TT100 .— |im(T720),
@ T7otl .= lim(T7).

In essence, we have the following:
Let /(T) denote lim(T) and p(T) denote I1}-Reflt.

Py TQ,O,...,O — pk—l (TO),

Y Tl,O,O,...,O o (lopk—l)l (TO).

D. Probst (IAM, Uni Bern) A modular ordinal analysis Bern, July, 2008 11/46



A family T’ of theories

In essence, we have the following:
Let /(T) denote lim(T) and p(T) denote I1}-Refly.

@ TH—1500 := [ o (] opl)a1 o...o(l opk_l)"‘k—1 (TO), and

Y Tak_l,...,ai+1,ﬂ,0,...,0 = pH-l o (lopi+1)ai+1 0...0 (l opk—l)ak_l (TO)

y

Theorem
Py ‘Tak—h--waoy — ¢k+1ak_1 .. 0400,
k+

o \To‘k—l""’O‘f+"970""’0 Yot .. caipqw0. .. 0.

=¥
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Outline

@ A family of theories T’ suitable for a modular ordinal analysis
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Fixing notation
@ L,: a standard language of second order arithmetic with a free

relation symbol U.
@ L: as L,, but with set terms S ::= X|(S),. ((8): =A{x:(x,1) € S})

@ L(My,...,M;_) extends L by set constants M; (0 < i < k). In this
situation it is convenient to define M_; := () and My := V.

@ L*: formulas of L* do not contain free number variables. They may
contain free set variables.

Abbreviations
@ S=T:=VxxeS—xeT|,

@ SET :=3x[S=(T),, (SoverT)
@ SC T :=VYay[(S), = (T),],

@ S=T:=SCTATCS,

@ trans(S) := V, y3z[(X)xy = (X).].

V.
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Fixing notation

The X = A formula
@ Foran L formula A(U), (QX€ S)A[X/U] := OxA[(S)x/U].
@ A[S is obtained from A by relativizing all set quantifiers to S.

@ S =Ais A[S where all free set variables U; are substituted by (S),,.
Assume that no conflicts arise.

o I'|Sis{B[S:BeTl'landS=Tis{SE=B:BecTl}.

Remark

C—M[EC

IYA(U, Y) DA((S)u; (S)y)

J{vx l\fx
VX3YA(X,Y) O aByA((S)s (S)y)
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The theory BASE

@ Work in L or L(My,...,Mi_1). As L, but with set terms

S ::= M;|X|(S),. It is convenient to define M_; := () and My := V.
@ Basic axioms: I', A, ~A, for each atom A.
@ Propositional rules and quantifier rules.

@ Cut rules:
I A I'.—-A

T
The formulas A and —A are the cut formulas of the cut.

@ Set term rules: For each number terms s and ¢ and each set term

S,
s €S D50 ¢S

Iyse(S), T,sé¢ ()
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The theory BASE"

@ L*: L without free number variables.

@ BASE" is a semi-formal Tail-style system. All rules apply only to
finite sets of formulas of L*.

@ Basic axioms of BASE": For all true literals A, all atoms B(i) and
number terms 5,7 with 5 = 7

r,A and ', ~B(5), B(7)

@ w-rule:

I, A(z) for all closed number terms ¢

T VA () (w-rule).
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A family of theories T’ suitable for a modular ordinal analysis
«

Definition (T {5 I')
Cis a set of L or L* formulas.
@ IfT"is an axiom of T, then T }% I" for all ordinals o and p.

o IfT }% I'; and a; < o hold for all premises I'; of a rule that is not a
cut, or whose cut-formulas A, —A are elements of the set C, then
T k& I holds for the conclusion of this rule.

Definition (T |— I')

Let T be a theory extending BASE or BASE". Then T |- I' is short for
T }T*) I, where T(x) is closed under negation and contains each
formula that is a main formula in the conclusion of an instance of a
non-logical axiom or rule of T.
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The theories T are indexed with labels I

Definition (Lables I$?)

A k-label is a sequence of length k of ordinals from 2 U {Q2} that has
one of the following forms:

@ ¢ is the empty label,
/= (ak_l, c. ,Oé()), with o; € Q,
/= (ak_l,...,Oti,Q,O,...,O), with a; € Q

Lim is the set of labels containing an Q2. We let A range over Lim, the
so-called hard limit labels.
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Labels cont.

@ Let < be the lexicographic ordering on k-labels. /41 (A+1) is the
<-successor on k-labels. E.g. (1,9,0) + 1 = (2,0,0).
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Labels cont.

@ Let < be the lexicographic ordering on k-labels. /41 (A+1) is the
<-successor on k-labels. E.g. (1,9,0) + 1 = (2,0,0).

@ IfA=(ap—1,...,04,9,0,...,0), then
A= (og—1, ..., @;,0,9,0,...,0), and
Ala] := (-1, ..., 4, ,0,0,...,0).
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Labels cont.

@ Let < be the lexicographic ordering on k-labels. /41 (A+1) is the
<-successor on k-labels. E.g. (1,9,0) + 1 = (2,0,0).
@ IfA=(ap—1,...,04,9,0,...,0), then
A= (og—1, ..., @;,0,9,0,...,0), and
Ala] := (-1, ..., 04,,0,0,...,0).
@ tail(A) := Ay := (2,0,...,0) € I and
head(A) := Apead := (41, ..., ,0) € I,
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A family of theories T' suitable for a modular ordinal analysis

The orderings < and - illustrated

(2,9,0) (2,0,1)
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The orderings < and - illustrated
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Composite labels ¢, d € F

Instead of T/ [T%], we write T"*2. To generalize, we call finite
sequences of labels composite labels.

@ The set of all composite labels of length k is F;.

o lfc=(l1,....l0),d=(ll,_,,...,Iy) and I € I, then
(l,C) = (l,lk_l,. ..,lo) € Fr and
(C,d) = (lk—h e ,lO,l;{/,l, e ,16) € ]:k—I—k’-
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The axioms T' of the theories T’ (I € %)

M(U,V,l)is a %! formula expressing that U is a transitive model of T!
above Z. Each theory T! extends BASE by set term induction,
VXTI~ (X,) and the universal closure of

° Te:= T,

o T:=3x((J7). = X),

o TH! .= lim(T!) := IXM(X, Z,1),
o T := (VI < \)3IXM(X,Z,1), (# Uicn IXM(X,Z,1)!)
o TA .= II}-Refl,

I1(Z,e) — IX[M(X,Z, A7) AX |=T1L(Z, ¢)].

P serves as a placeholder and is later replaced by a set term.
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The theories T¢ (c € Fiy1)

For each composite label ¢ € ™ and each label I € I, the theory T
extends base by
o My T,
o T/[Mi_,/P], (recall: M_; := ()
® VXTIL(X,1),
@ Mi_ eM; (0<i<k-1).
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The theories T¢ (c € Fiy1)
For each composite label ¢ € ™ and each label I € I, the theory T
extends base by
o My T,
o T/[Mi_,/P], (recall: M_; :=0)
® VXTIL(X,1),
e M;_, e M; (0 <i< k—l).

Lemma
e ifd € Fr and T¢I, then T4 k- T[M;/MJ],
@ ifce Fpyand T T, then T - T'[Myp_4,
@ ifl 41, thenT'+T/,ie. BASEFX T - X =TV,
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Working in T’: A first example

CHSeq" (F,z,8) := (V8 < ) [M((F), (F) <, 1) A ZE (F)g).
Aim: For each y < w®, T |- vZ3FCHSeq" (F,Z, 7).

Lemma

The following is provable in T'<:

VF3GICHSeq" (F,Z,3) — CHSeq" (G, Z, f+w®) A (F)as = (G) ).
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A first example, cont.

Lemma
The following is provable in T':

VF3GICHSeq" (F,Z,3) — CHSeq" (G, Z, f+w®) A (F)as = (G) ).

Proof: The step from a+1 to a+2
@ Say CHSeq" (Fo, 3y). Pick X |= Thet! with Fy& X.
o (VFE X)(3GE X)[CHSeq™ (F,3) — CHSeq™ (G, B + wo*)).
@ Pick an Y with Y |= T® that contains X.

e Y |= VFAG[FE X A CHSeq" (F, B) — G&
X A CHSeq"™ (G, B+wo+1)].

@ Since Y |= (£!1-DC), we get G with CHSeq™ (G, o + w+2).
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Outline

© Sketch of the Main Result

D. Probst (IAM, Uni Bern) A modular ordinal analysis



Descriptions of T

Definition (Description from above)

f : Ord — Ord describes T¢ from above, if for any T¢ (d € F;) and each

finite set of elementary formulas I of L*(My, ..., Mi_;),

T S2 p— T4 1,

Definition (Description from below)
A representable normal f : Ord — Ord describes T¢ from below, if

T¢ F Wo'll () — Wo o (£ (a)).

where i = 2 if ¢(k—1) is a hard limit and i = 1 otherwise.

f : Ord — Ord describes T¢ if it describes T¢ from above and from
below.

D. Probst (IAM, Uni Bern) A modular ordinal analysis Bern, July, 2008
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The main result

If 1 € 12, then o*+1a := (k1) ...1(0)c.

Theorem (Main Theorem)
For each k-label 0 < [ that is not a hard limit, and each hard limit A,

a— @"*ia describes T and o — ¢+ A[a]0 describes T*.

Corollary
o [TH!| = 11+ 1)0,
® T = 1w, (cf. U, T = ¢FF1xo).

o [TA| = [TA] = H+1ALu]o.
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The main result

Corollary
Py |Tl+1‘ _ QOk—H(l-i- 1)0’
-} |T>‘| = )\, (cf. U Tl| = *1)0).

0 [TA| = TAMI| = 1A L0,
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The main result

Corollary
® |Tl+1| — SOk-l-l(l_'_ 1)0’
® T =", (cf. |Upn T = ¢*T120).

o |TA| = [TAW]| = YMH1A[w]O.

v

Proof.

o TA F Wo'2(a) — Wo(o4 Afa]0), hence TA - Wo(oF+ Af]0),
for each n € N.
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The main result

Corollary
® ‘Tl+1| — SOk-l-l(l_'_ 1)0’
® T =", (cf. |Upn T = ¢*T120).

o |TA| = [TAW]| = YMH1A[w]O.

v

Proof.
o TA F Wo'2(a) — Wo(o4 Afa]0), hence TA - Wo(oF+ Af]0),
foreach n € N.
* 2 * 1 2
o If TAHL T, then TAW |- I So TAW | <% [ jg, Te =g A
O

V.
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Some facts on ordinals
Let O C Ord and f : Ord — Ord be a normal function.
@ If O C Ord, then Ordy : O — Ord is the unique order isomorphism.

Thus, Ordp(«) is the ath element of O, which we also denote by
O(a).

o fix(f) := {a:a=f(«a)} andf" : Ord — fix(f) enumerates these
fixed points, i.e.

f(a) == fix(f) ().
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A hierarchy of normal functions g, : Ord — Ord

Definition (The functions g;)

For [ € 1, we define a normal function g; :  — Q by recursion on <:
g. := idq, the identity on 2, and

Q g0 =a—w,

Q g1 =g,

Q 2\ :=ar— O(a), for 0:=N{fix(g) : I 4 A},
Q 21 :=a— gay(0).

Lemma
@ Ifl €1 is not a hard limit, then g/(a) = ¢ ia.
@ IfA € 1 is a hard limit, then g () = @1 A[]0.
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The operation S[T]

Lemma

Letc € F and d € F; be composite labels. Further assume that f and
g describe T¢ and T¢ from above. Then g o f describes T¢? from above.

Proof.
@ If Tede | T then Teed &) 1
@ Then T4¢ }@ I" (Lifting Lemma).
@ Hence T¢¢ }%@ [
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The operation S[T]

Lemma

Letc € F and d € F;, be composite labels. Further assume that f and
g describe T¢ and T¢ from below. Then g o f describes T¢“ from below.

v

Proof.
o Tk Wog'! (o) — Wo'\<"]°(f(a)), hence

1
Ted - Wol (o) — WoM (£ ().

O]
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The operation S[T]

Lemma

Letc € F and d € F;, be composite labels. Further assume that f and
g describe T¢ and T¢ from below. Then g o f describes T¢“ from below.

v

Proof.
o Tk Wog'! (o) — Wo'\<"]°(f(a)), hence
1
Ted - Wol (o) — WoM (£ ().
o T Wogfl(a) — WoY (g(«)), hence

(M)

Ted - Wo_! (a) — Wo™ (g(a)).
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The operation S[T]

Lemma

Letc € F and d € F;, be composite labels. Further assume that f and
g describe T¢ and T¢ from below. Then g o f describes T¢“ from below.

v

Proof.
® T¢I Woll (a) — Wol¥ (f(a), hence
Ted 1 Wol (a) — Wol (£(a)).
o ¢+ Wolll (a) — Wo™ (g(a)), hence
Tk Wo ™) — Wolk(g(a).

e Since IT"(M;_;)C M, we have Wo'¥ (f(a)) — Wog,?(M"“). The
claim follows.

O]
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Sketch of the Main Result

Lifting Lemma and Induction Lemma

Lemma (Lifting Lemma)

Letf € Fr andT a finite set of elementary L*(Mo, ..., My_») formulas,
then

fl'ef }% F[Mk_l <~ fl'f }% I.
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Lifting Lemma and Induction Lemma

Lemma (Lifting Lemma)

Letf € Fr andT a finite set of elementary L*(Mo, ..., My_») formulas,
then

fl'ef }% Fka_l <~ fl'f }% I.

Lemma (Induction Lemma)

Letf € Fi, andT a finite set of elementary L(My, . .., M;_») formulas,
then

TY - I'IMy_, <= T + (Full Induction) |- T.
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Sketch of the Main Result

From T to T"*! — the limit of a theory

Lemma

If f describes T' from below, then f' describes T!*! from below.

Proof.

@ to show: TH! — Wolgﬁ () — Wo4(f'(a)).

@ For each n we have sets X, ..., X, so that M(X;1,X;,1).
O(y. . .
o T - Wolr ™ (a) — Wo¥i(f(a) and TH! F TI9(X,) & X1

O]

v
D. Probst (IAM, Uni Bern) A modular ordinal analysis Bern, July, 2008 35/46



Sketch of the Main Result

From T to T"*! — the limit of a theory

Lemma

Iff describes T' from below, then f' describes T+ from below.

Proof.

@ to show: TH! — Wolgﬁ () — Wo4(f' ().
@ For each n we have sets X, ..., X, so that M(X;1,X;,1).
o TH - Woll™ (a) — Wo¥(f(a) and TH! - II9(X)C X1
@ TH! | Vn[Wo4(a) — Wo4(f*(a))].

o T+ Prog({o : Woq(f'(a))}).

@ Since {a : Wo(f'(a))} is II!, the claim follows.
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Transfinite reduction

Lemma
Assume that f describes fl'l, thatd € F; and thatT is a finite set of
elementary formulas of L*(My, ... ,Mi_;). Then for allm € N,

U Tel"d P —s Tmd f'(a) T

neN

where I'" is the composite label (I, .. .,1) € F,.
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Transfinite reduction

Lemma
Assume that f describes fF’, thatd € F; and thatT is a finite set of
elementary formulas of L*(My, ..., M_1). Then for allm € N,

U Tel d F — Tl d (a) F

neN

where I is the composite label (I, ... ,1) € F,,.

Proof: By induction on «

o Last inference is a cut: |J,. T4 1%~ T, []4, where o’ < o and

A€ Z:|'€’lm+k’”l(>k),
@ By I.H. and a cut: Te!""d 0L
o f describes T': T4 -L0E 1 his gives T 1) T
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Sketch of the Main Result

From T to T"*! — the limit of a theory

Lemma

Iff describes T' from above, then f' describes T! from above.

Proof.

TH1d T = U,en Tel'd T = Ted }—f/(*a) [ — T¢ }—f/ia) I. O
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I1}-Refl— From TA™ to T4

Lemma
BASE + Thneas A TAwi — TA, e.g. BASE - T00 A TR0 _, TLRO,

4

Proof: By induction on the position of 2 in A
@ Assume that I1}(Z, ¢).
@ Observe that TAnead s TI..
@ Use TAwi to reflect I1(Z, e) A Thead,
@ This yields an X so that X |= IT}(Z,¢) AX |= (TAeas A Thui),
@ By lH. X E gl-Ahead@At;n, i.e. X = TA™ .
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Sketch of the Main Result

Reducing I1i-reflection from below

Lemma

TA - Wolk (a) — TAL,

Proof that Prog_ {c : TAll}.
e Recall that TA* is VZ3xXM (X, Z, A[a]) with M(U, V, 1) a 2! formula.
@ Recall: Ala+1] = (Ala] ® Agy)+1.
@ By the previous lemma: TA - TAlI®AG

o TA+ T/ — TH! (since TA entails (%!-DC)).
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Sketch of the Main Result

Reducing IT}-reflection from above

Lemma

For ¢ € Fi— and each finite setT' of L*(Mo, . .., My_2) formulas, we
have

TAC}E T = TAldep @ 1
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Sketch of the Main Result

Proving the Main Theorem by transfinite induction on
(<, 1)

Theorem (Main Theorem)

For each k-label 0 < [ that is not a hard limit, and each hard limit A, we
have

@ a+— ¢l describes T'.
@ a+— ¢[00 describes TA.
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Sketch of the Main Result

Proving the Main Theorem by transfinite induction on
(<, 1)

Theorem (Main Theorem)

For each k-label 0 < [ that is not a hard limit, and each hard limit A, we
have

@ a+— ¢l describes T'.
@ a+— ¢[00 describes TA.

Proof.

@ TAc =2 T, then TAl)e =% . Now by L.H. Tex }7@“;/\[040
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Sketch of the Main Result

Proving the Main Theorem by transfinite induction on
(<, 1)

Theorem (Main Theorem)

For each k-label 0 < [ that is not a hard limit, and each hard limit A, we
have

@ a+— ¢l describes T'.
@ a+— ¢[00 describes TA.

Proof.

@ TA« =2 T, then TAl e =% . Now by L.H. Tec }7@“;,\[&]0 I.

o TA F Wo'2(a) — TAlel and TA - Wo' (5) — Wo L (o*+ Ala] ).

@ Hence TA Wog%(a) — Wo4(¢**1A[a]0).

|
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An application: An upper bound for ID},

ID}
@ For each L,(P) formula A(P*, «), the constant Fix" is a fixed point
of the operator F4(X) — {x : A(X,x)} associated with A(P*, u).

@ For each L;(P) formula B(P*,u), if C := {x : B(Fix*,x)}, then

FA(C) cc — Fix* Cc.

Lemma
For each arithmetical A(P™, u), Z{ -DCy proves:

Fix* := ({X : FA(X) C X} is the least I1|-definable fixed point of F*.

4
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An application: An upper bound for ID;,, cont.

e IDZ,, is straightforwardly embedded into a theory T with

ify' <1y, then T+~ 3F CHSeq" (F, 7).

@ Consider the case v = w* + w”.
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An application: An upper bound for ID;,, cont.

e IDZ,, is straightforwardly embedded into a theory T with
ify' <1y, then T+~ 3F CHSeq" (F, 7).

@ Consider the case v = w* + w”.
@ Recall that if ¥/ < w® + w?, then

TUA[The] - 3FCHSeq™ (F,w™ + w?).

@ [ID% 0 sl < pla(plf0).
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The formula M(X, Z, 1)

o WesetM(X,Z,1):=3YI(X,Y,Z,]).
@ I(X,Y,Z,1) express that X is a transitive model of T/ above Z.
@ Foreach/ <1, (Y)y contains pairs (e,f).
@ (e,f) € (Y)y means "(X), is a model of T" above (X),", e.g.
e.f) € (V) 1 F[(X) € (X)e = (X)o€ (X) A (f) € (V)]
{e.fye Ma it 2,3 [(X)p € (X)e AT ((X)g, %) [(X)e —
(X)er € (X)e AL f') € (V)a- ATL((X)pr, x) 1(X)e)]-

@ Globel closure conditions.
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Outline

o Conclusions and future work
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Conclusions and future work

Summary

We have a modular ordinal analysis for systems below I1} reflection on

w-models of ACA,. For theories generated by the operations lim (I) and
I1-Reflr (p), we have

Tok=100 . [0 o (] opl)o‘1 o...o(l opk*l)a"_1 (H?-CA(;)
|Tak—|,-~~7ao‘ = 90k+101k—1 ... 0.

Touo1o@0 it o (10 i) o o (o pt~1) (I-CAT)
|T0¢k717-~~797~~70| = (pk'Hozk,] cooipw0...0

Example
e T is equivalent to $1-DCy. |T%| = ¢wO.
e T10is lim(x1-DCy) or ATRy. |T10| = 100 = T.
o T is I1}-Refly_pg and [T%] = ww00.
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Future work

@ It remains to generalize this modular ordinal analysis to II}
reflection on w-models of ACAy. This yields a ordinal analysis of
ID, by metapredicative methods.
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Future work

@ It remains to generalize this modular ordinal analysis to II}
reflection on w-models of ACAy. This yields a ordinal analysis of
ID, by metapredicative methods.

@ Provide an interface to subsystems of Kripke-Platek set theory
and explicit mathematics.
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Conclusions and future work

Roadmap: Ordinal analysis of theories up to ID, by
metapredicative methods

KPu NEM

.

Usen FID(TY)

—> Unen T-Reflaca, [<—— | TTI-CA;

D. Probst (IAM, Uni Bern) A modular ordinal analysis Bern, July, 2008 48 /46



	Modular ordinal analysis -- Motivation
	A family of theories Tl suitable for a modular ordinal analysis
	Sketch of the Main Result
	Conclusions and future work

