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Work In progress

# Work in progress.

#® A.S. specialistin MLTT (Martin-Lof Type Theory) but not
In explicit mathematics.

# We model an extended predicative version of the
[13-reflecting universe according to the IIs-reflecting
universe in type theory.

# No model or proof theoretic analysis yet done (only
done for the version in MLTT).
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1. Direct II3-Reflecting Universe

# Notations

s Let & be the collection of names (analogue of Set in
MLTT).

o We write x € a instead of z € a.
s Ry ={reR|Vyecaxyech}.
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Simple, Super, Mahlo Universes

#® A universe is an v € Ry closed upwards and
downwards under universe operations (strictness).

# A super universe (Palmgren) is

& auniverse v

o S.t. for a € v there exists a universe su a S.t.
& a € sua,
& sua &v.

# A Mahlo universe (S.) is
& auniverse v

s S.t. fora € vand f € v — v there exists a universe
su f aS.t.
s a€sufa,
s fesufa—sufa,
s sufaéev.
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Direct 1I;-Refl. Universe

# l|dea for II3-reflecting universe:

# A IIz-reflecting universe (Jager, Strahm) is
s auniverse v

s S.t. for
& acv,
s fEV Y,
s Fe(v—ov)—(v—ov)
there exists su F' f a S.t.
s ac€sulFF fa,
s fesulF fa—sulF fa,

s Fe(suF fa—sulF fa)
—(sul fa—sukF fa)
s sufF faéev.
# Advantage: Very short and concise.
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Problem of Direct II5-Refl. Univ

® We have
Fev—ov)—(vov)

and demand

Fe(suF fa—suF fa)
—(sulF fa—sukF fa)

® ButagesuF fa—sukF faisnotanelementofv —v
so the type of F' doesn’t provide a reason for allowing F
to be applied to g.

#® The existence of a II3-reflecting universe demands that
su F' f a IS big enough that when computing F' g we
need to referonly to g z for x € su F' f «.
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Problem of Direct II5-Refl. Univ

# |If we consider su F' f a as defined by some inductive
process we need that if when trying to evaluate F' g we
need to compute ¢ x, then x needs to be added to

su F' f a.
This i1s difficult to control.

# Therefore it Is not suitable for a fully extended
predicative analysis.

#® A similar problems occurs when carrying out a proof
theoretic analysis.

#» We follow the development of the ordinal notation
system for II3-reflection.

°
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2. The constructed II3-Reflecting Uni

# First step towards the constructed II3-reflecting
universe: Hyper-Mabhlo.

® A universe v Is a Hyper-Mahlo universe |, if
s forevery fev—ov,aev

s there exists a subuniverse u 1 « [ which is

s Mabhlo,

closed under a, f,
contained in v,

and represented in v.

":=u1la f Mahlo means that
foreveryge v/ — v and b e v/
there exists a subuniverse u 0 b ¢

b . b b b

s which is closed under b, g.
s and represented in v’.
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lllustration of the Hyper Mahlo Univ.
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Hyper ¢ Mahlo Universes

# Can be generalised easily to Hyper®-Mahlo universes.

s v is Hyper“-Mahlo, if for every
s O <a,
s anda:v, f:v—v,
there exists a
s HyperP-subuniverse of v,
s closed under q, f,
s and represented in v.
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Autonomously Mahlo Universe (S.)

#® Next step is to form a universe v S.t.
e forevery fev—ov,aev

s and for every w € w(v, Az.z) (or its analogue in
explicit mathematics)

» there exists a Hyper*-Mahlo subuniverse of v,
s l.e. Hyper®, where o = height of w.

s closed under f, a,
s represented inv.
s Infact w(v, Ax.x) is defined simultaneously with v.
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lllustration, Autonom. Mahlo Univ.
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Mahlo Degrees

# With a Hyperw-Mahlo universe we can associate the
Mahlo _degree w.

# With the autonomously Mahlo universe itself, we can no
longer associate a Mahlo degree, which is an ordinal.

s The number of subdegrees depends on the
autonomously Mahlo universe.

s But in a monotone way and only locally :
s When v increases, w(v, Az.x) increases essentially.
s Foreveryp € w(v, \z.x) we can find a € v,
bea—vsSt pisinw(a,b).
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Mahlo Degrees

#® SO0 we get: Mahlo degrees on a universe v are given by
s aset MDegree of Mahlo degrees,

s and a function
subdeg : MDegree — v — Fam(v, MDegree), which

associates

s with every Mahlo degree m
s andacv

a

s family of Mahlo degrees subdeg m a indexed over an
element of v.

# |n fact we can obtain d € MDegree then
d € v — Fam(v, MDegree).
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Mahlo Degrees
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Mahlo Degrees

m MDegree
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Mahlo Degrees

subdeg m a
-
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Mahlo Degrees
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Mahlo Degrees
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Examples of Mahlo Degrees

o [or ordinary Mahlo degrees corresponding to ordinals «
we have

s subdegax ={3 |8 < a}.
# The autonomously Mahlo universe  has Mahlo degree
m, S.1.
s subdegmaz ={w | w € w(y, 2)}.
(y, z extracted from x).
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Introduction of Mahlo Degrees

# |[ntroduction rules for Mahlo degrees for the
[13-reflecting universe v:

s Forevery f:v — Fam(v, M)
» there exists a Mahlo degree m : MDegree
® S.t. subdegmax = f =.
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Introduction of Mahlo Degrees

MDegree
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Introduction of Mahlo Degrees

/\ MDegree
~—_

f
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Introduction of Mahlo Degrees
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Closure of the IIs;-Refl. Universe (S.)

#® Closure of the II3-reflecting universe v:
o Forevery m: MDegree, f €Ev—v,a €V

of Mahlo degree m,
closed under f,
and containing a,
Sst.ufmaéev.

e o o o o

there exists a subuniverse u f m a
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Closure of the II;-Refl. Univ.

MDegree
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Closure of the II;-Refl. Univ.

MDegree
= \Y;

m
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Closure of the II;-Refl. Univ.
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Closure of Universes of Degree m

# Closure of universes of Mahlo degree m:
s Forevery f eu—u,ae€nu,

s b€ u, and m’ in the family of Mahlo degrees
subdeg m b,

» there exists a subuniverse of u,
s closed under q, f,
s of Mahlo degree m/,
s and represented in u.

# ML + II3 — refl consists of a universe v, Mahlo degrees
for v and all rules above.

» Note that v, the Mahlo degrees and the subuniverses
are all defined simultaneously.
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Closure of Universes of Degree

T
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Closure of Universes of Degree
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3. Extended Predicative Version

# Remember from the extended predicative Mahlo
universe:

s Let 'V pe the operator defining the one-step
upward and downward closure of set under universe

operations.
s RU(A,B, f,a):= ({a} U f[B]UTY™V(B))N A C B.
o Indpt(A, B, f,a) = {a} U fIBJUTY™V(B) C A.
# Then we had
o RU(u,preu f a, f,a).
s Indpt(m,prem fa, f,a) —ufaé€m
AL fa=cxtpremfa .
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|dea for Ext. Pred. II;-Refl. Univ

# Similarly as before we define pre u d f a by closing it
under f,a and '™ relative to w.

#® Butnow preu d f als closed under subuniverses of
subdegrees of d relative to pre u d f a.

#® The extended predicative II3-reflecting universe K will
be closed under all pre K d f a which are independent
of K.
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«udghb prt:/uz ;1.2 a2

fpr7u3d3 3a3 preKdlglal=u2
:-:pr?e u4_.ﬁ g4 a4

pre Kdghb
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Operations on Degrees

d <4pd = Ja€Bpy(da)e ANTbEpy(da).pi (da)b=d
<48, 248 = transitive / transitive-reflexive closure of <! 4

d=<ad = d=<.d etc
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Closure/Indpt of preu d f a

RUm, (A, v,d, f,a) = RU(A,v, f,a)
/\F,Ié)l,d(v) NACw
INZA <A d.Vg,b.
Indpty, (v, prev d g b,d’, g,b)

Aud gbe A
—ud gbecw

Indptr, (A, u,d, f,a) = Indpt(A,u,f,a)A Fa,d(u) CAN

vd' <Au d.Vg,0.

Indpt(u, pre u d’ g b, g,b)
—ud gbe A
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Indpty,(u,v,d, f)

u’ \ b >‘<
ud’ g x}‘(g b

puu d gb
Indpt(..puu’ d’ g¥b .. u not in Set
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Axioms for Ext. Pred. II;

# |. Least pre-universes

(EPM5.1)

(EPM5.2)

(EPM5.3)

ueERpAv=opreud f a
— v € Ry ARU, (u,v,d, f,a)
(ueRpAv=preud farv €RpA
RU, (u, v, d, f,a))
— v C .
(ueRpAv=preudfarACRA
RU(u, A, f,a) /\Fad(A) Nu C AA
Vd <y dNg,b.
Indpty, (A, pre vd g b,d, g,b)
Aprevd gbC AAud gbeu

—ud gbe A))
— v C A.
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Axioms for Ext. Pred. II;

# |l. The II3-reflecting Universe
(EPM3.4) K € Rz ATVYV(K) C KA
vd, f.Indpt, (K, pre K d f a,d, f,a)
—udfaeRAud faekK
AMid fa=ctpreKdfa

(EPM3.5) (v € Rp ATV (1) C wA
vd, f.(Indpty, (v,pre v d f a,d, f,a)
—ud fa€wv)
— K Cuw
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Axioms for Ext. Pred. II;

(EPM3.6) (A CRATUN(A) C AA
vd, f.(Indptr, (A, pre K d f a,d, f,a)
Apre K d faC A)
—udfacA
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Monotonicity Properties

(a) Indpty, (A, u,d, f,a) N A C B — Indptr, (B, u, d, f,a).
(b)) uCu —preud faCpreu d f a.
() u Cu Alndptp, (u,preud f a,d, f,a)
— Indpt, (v, pre w d f a,d, f,a)
Apre u d [ a =ext prev’ d f a .
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Relationship between Ind. Principles

(a) (EPI‘I3 1), (EPM3.2) imply (EPM3.3) where A is a set.
(b) (EPMs3.4), (EPM3.5) imply (EPI‘I3 6) where A is a set.
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Interpretation of Mahlo Degrees

MDegree :=
{d] TR 4(K) €K
AVd <k d.
VEk > 0.
le.fl, a1.vVy1 = pre K d1 f1 ay —
Vdo <x dl.\V/fQ, a9.Vo = pre vi do f2 a9 —

Vdy, <k dg—1.V [k, ar. Vi = pre vi_1 dg; [x ax —
d <k di. — Vf,a.

Indpt(vy,pre v d' fa, f,a) —ud faé€vy} .
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Closure of MDegree

(a) Letd s.t.

e for a € K we have
po (da) € KAVx € pg (da).(p1 (da)) x € MDegree.

Then d € MDegree.
(b) If d € MDegree, a € K, then
e po (da) e K
e and for x € py (d a) we have p; (d a) z € MDegree.
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Definition Univy

® Univg:={ud facK]| f a}.
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Closure Properties

(@) d € MDegree Av=ud f a € Univy
— v C KA Indpty, (K, v,d, f,a)
ARUL, (K, v,d, f,a) .
Especiallya c v, f € v — v, TV (v) Cv.

(b) Assume d € MDegree, f € K — K and a € K.
Thenud f a € K.

(c) Assume d € MDegree and u € Univy, b € Fam(u).
Then pgy (d b) € w.
Assume furthermore = € pg (d b), d' := (p1 (d b)) =,
gcu—uandb e u.

Thenv:=ud gbcunUnivyandbecvandgecv —v.
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Theorem

#® The constructed II3-reflecting universe can be
Interpreted in the extended predicative I13-reflecting
universe.
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Conclusion

# Introduction of an extended predicative II3-reflecting
universe.

# If complete proof theoretic analysis carried out we get a
complete constructive predicative justification of

[13-reflection.

o |tis still open how to obtain a fully predicative version of
the II3-reflecting universe in MLTT.
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