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N
Relative Models of Set Theory

m Use set theory in the background and in the
foreground

B Consider models which are classes

m Fxamples

nner Models

~orcing

Realizability Models (constructive settings only)




Heyting Models

m |ntuitionistic Analogon to Forcing with
Boolean Algebras

® |[nput: complete Heyting Algebra H

® QOutput: Class Model of constructive Set
Theory

® (|n predicative settings, formal topologies
are preferable to Heyting algebras)



The Universe

m Sets contain not only information about
what elements lie in them, but also about
the truth value of an element lying in them

m All sets are
m Ranks of V(
V(H)

> B

nereditarily H-valued

H) defined recursively by

LEJa{f:a—>H\a§V(H)B}



Semantics

m Assign truth values to formulas with
parameters from V(H) recursively, e.g.

|[®1A®2ﬂ:|[q)1ﬂ/\|[q)zﬂ

® (For atomic formuluae, a simultanious
recursion over the parameters in necessary
for extensionality)

B Formulas with value T are said to hold in the
model



.S
Realizability Models

® Originally known from arithmetic

m Arise from BHK-interpretation of
intuitionistic logic

® |nput: Partial Combinatory Algebra

® QOutput: Class Model of constructive Set
Theory




The Universe

m Sets contain not only information about
what elements lie in them, but can also give
a computational content for them (realizer)

m \/(A) defined recursively
V(A)y= U p(AXV(A))
Bea

x



Semantics

m Define recursively on ® a realizabllity
relation e |- ©

® (For atomic formuluae, a simultanious
recursion over the parameters in necessary
for extensionality)

m A formula realized by any realizer is said to
hold in the model



A common generalization

m Upgrade formal topology with application
operation

m Get rid of the equivalence relationt = s
m Use instead a partial ordert ' s

® |[dea: Some information / credibility may be
lost by application

=> applicative Topologies



Applicative Topologies

m Formal Topology S with partial binary
operation and elements k, s

m Write t & t' if one term denotes exactly when
the other one does and when in this case the
value of t is covered by the singleton of the
value of t".

m Specify some realizers ,convincing®, in
particular k und s



T ——
Axioms
1. pp’ l,aap,bap — ab<apy
8 rxzyl.zeV.ye€EV — zyevV
krxy < T
sy |

sTys <1 rz(y=z)

SO

Varabd—1



The Universe

m Again, sets are hereditarily valued by
elements of the input (i.e. the applicative

topology)
m So V(S) is defined recursively by

V(S),= U a€p(SXV(S),)

' Bea

m (As a technical nicety, let all sets be saturated
with respect to covering)



Semantics

1. elr L falls e <l

s

elr 1€y falls e 9y~ 'z
8. elFz€y falls e 1 {f €SPz Rily). If F £y Arf Ik x =y}

J.elbz =y falls Vz€ Bi(z) ¥f - €r lef I+ z €y und
Y€ Bily) ¥fI- £y ref Ik z€x

5. el-a N falls el ¢ Are lE )

6. elroVe falsea {feS|(If AlArfIFa)V(If DrarfIFy)}
T.elFo—= falls 9fES fIFd— ef IFU

8. elrYro(r) falls Yae V(S)e Ik o¢[a]

9. elr3zo(r) falls e {f €S|FaeV(S) [ I+ ¢[a]}



Advantages

® Common generalization of realizability and

I_

.

eyting models
igher abstraction level leads to increased

efficiency In proofs, more general results
(partly also for the special cases)

® Some interesting applicative topologies are
really new, lead to new results



Absoluteness Results

m Powerset, Separation
(so the construction works also for |ZF)
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Absoluteness Results

m Powerset, Separation
(so the construction works also for |ZF)

® Choice principles only to a limited extent
m Regular Extension Axiom (REA)

m Relation Reflection Scheme (RRS)

m Further extension axioms (*REA, *2-REA)



N
Example:

Relation Reflection Scheme

mDC: aeGAD:G3G
=3 f:N->G. f(0)=aAD(f(n), f(n+1))

B RDC: acTAA:T 3T
>3 F:NST. F(0)=anA(f(n), f(n+1))

m RRS — what takes DC to RDC:
acl AA:T'ZT'=>3G<l.aeGAAN:G3G



Realizing RRS

m Realizer of RSS must take realizers f of
acl'AA: T 3T to realizers of

AG<l.aeGAA:G3G
m Consider Fint:={(e,g) | el-T(g)}

(fO' a) S rint

mForall(e,g) €T exist(feg’)eTl
such that f2 + A(g,g')

m Gives rise to binary relation A _on T



B
Realizing RRS (continued)

®m By RRS in the background theory, find
Ge Tl with (f, a) € Ganad:

m For all (e,g) € G exist (f.e,g') € G
such that f_ I A(g,9')

® S0 a realizer which can be easily
obtained from f realizes

AG<Sl.aeGAA:G3G



The End

® Questions
B Comments
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