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I.The effective €opos

Literature:

Marti Hylond — The effective fopos , in: Proc. Browwsr
Ceat. Sgmp. , 1982

Jaap von Oosten _ Realiaability: an Tutroduction to
chs Categovieal Siole

#152 of Studies in Logic 2008
Notation:
¢,\ : n-th partiod recurtive funchion
Leyunyrt cooling of buples
¢ A B c N

A=B > In|VYacA &(a)e B}
A®B = l<ab>|aecA bLeB}

A®B - lo}jeA U {11 @B

An assembly is o pair (X E) X o sef,
E: X — P(N) .t EltV+ &, ve X

A mop ot assemblie (X,E) — (Y. F) &
o function f: XY cucts thot

M (EC‘R-)2> F(’{(‘x))) + ¢

xeE X

i.e. for some ne IN we have:

Ve X Yme E (x) cbn(m)e F (4 ()
Say: n +tracks ',f



Have o w.e,)ory Ass of assemblies and Heir
maps.
Ass has: Pinite limits
. ﬁim‘{'e colimits
o stable reyular epi— mone
fackorization
o locally cartesian closed
Sfructure

E.q. (X,E)x(LF) = (XxY (x,g)l——?E(‘*—)@F(g))

]

(¥.E) + (1, F) - (Xu‘(‘ x |—> {co,ar lae

E(x)}
g =<t b>[be
F (41}
(X.£) :
(y F) = (Ass((xe)C4F))
£ios dn Indracks £})
Griven
(u,A) T&(u\a (Z2,6) Wi
ul Z={la, )\ ;L (s U
(x‘E) - CY\F) o yartial cechion of u}

G (vl {onmr I n trackso, me Fly)}
(Dependent prosuct )



(X,E) i, (1.F) % a regular epimorphism if
(11_‘ % furjeckve mw()

N (P >V E) #¢
(86'( f(&):",

Legie, Infdpfd‘ relation .n']‘.gla.ols as subobjecks
lF x(; (an-l), .o’y X,": (X“‘ 'En)'
CERMywx)T € (X,E)x...x (X E,)
« o
(x' €'

X' € X,x-x X, owmol the inelusion is bracked
A"(a]iuj usual covstruchons of categerical logic
yields clauses of Kletne vealizability :

The seb ob swhobjecks of (X,E) 55 « Heqyting

algebra . [ (X, E), (X, E)) < (X,E)
then

(XENn (X, B = (XX, 21 E,cx) @ Eut))
(XI)E(\’7(XME:‘=

({xe X130V (me B 0x) implies ¢, (m) e E.lx)))

)

LYY {h l‘dw\ (me‘E,'(‘k) impL‘.U 45"(*«' ¢ E;("))f

Con interpret mulbi- sorteol intus Nonistre logic
without 2quality in  Ase



The effective topos results by “adloling
equality’ Lo Ass

= Consider paire ((XE),R|] with (X E\ an
astembly amd R o cubobject of (¥,E)x (X.E)
Such that
Ass B "R iy an equlvalzuu relation

— (onsider, for such pairs ((X,E) R) and
(), S)
fuuchv‘omi relations 1 subobjechs
T ot (XE)x {,F) such that

- RO %) A Tyl & Slyy') — Tl 9
Tlxy) & Tlxy') — Slyy')
Ee) — 3y Ty
av-; true in Ass
The 2ffeckive ‘to'osE#Las as objects ((XE), R)

ond a3 avrrows : \cunchom( relaﬁ‘ous

ELE & the exact completion of Ass | preser
Ving the regulor epimorshicmc



Anothar cormu(a.ﬂon:

Objeck  paivy (X, ~) with ~: XX —P(WN)
fuch that
A [ [emr) = Teinx]) 4 4

: 1
L% 3

m ([""'3] @[3"'51 = ["“’i’])*¢

x93
Arrows Equivalemee classes of
fumelions X« L P (N) satisfying
O (Fug) = ((xax16Ty~y]) ) # 8
'K."’

[\ ([t‘i’x)a Flry) @ Ty~yl = Elx'y)) 26

)
*%,YyY

M ( F ey @ Flxy) = [y~y') ) + &
vy

N (Tx~x] = Y Flxy)) # &

Twe such F G : Xx{ —s PIN) are equivalunt

L Q (_F('x(tg) = G (x,y) \ £



ln spedal cases  every arcrow (X,~) f-> ({,~)

s given by a Puschon FiX oY calishying
Q‘ ( [x~x'] = [40a~406)])
Thee F i equivalent to
(xg) \—» Tx~xle [{oiny]
Cuch Cases are:
) I [x~x) s o smgleton for each x
A (~) b e power oVjeck S
L= (PN),~) where
[A~B] = l<ah> lacAsB (heBAY
3) 18 (4,~) satirfies
[y~y'dl=¢ t Y+
From 3) : hawe full embedding Ass — E£F

£ [x~w] o B H >
¢ else
Also: full embedoling T: Set —s Ars and by
Composibion \7: Cet _» ELL '

N = !

TXs X)) with (el = Uy aine



L= (PIN),~)
A~B = (A=>B) e (5= A|
Witlﬂ. “érue,{ 1 —_ ﬂ a‘lU{,n ng TC&): N

- — (f,~] is mono ift

) (FC!.-Sle Flcy) = Iene') ) £ &

%'y
e gl iff
N ([9~9] = UFly)) # ¢

|6 F &5 mono, ib charactertshe fumehion
'X'F" My~ —s ST s given ‘M’ tle F‘M\c{‘zon
3 \— \i F Gey)

Chavacterising assemblies: tla.e. for (X.~)
&) (X~) % lsomerphic b on ass.embly
b) there % a monomorphism (X ~) —s T(Y)
) Eff E V":"'f(x."') 11 (w=x') — x=x«'

Objects of Porm T (X) . callee sheaver.

For 2very (X,~) Hure v the astocinted sheat
o (X, ~)
Let P x~) = ELL C, (x~))

T ixlDx~x]tgy/ w=x' &
~ tq .
o (X~) = VLX) EElEp




It R 4 a subcbjeck of (X~) then

ELt E ‘V":(_xw) @1 Rix) — Rix)
(‘R s 11-shable’)

t amd ouly if

R —— ak

) L

(X~ — a (X ~)
U o wutm,L oua’raum.

Natural rumbers .

The afizmblﬁwé(m, i {my ) togetlur wnil

oe N, 4V, W — N s a netural nwumbers

objeck  in Afs  (Lewce m Eft),

inikal o\IMJmm of form =, x £, x
B’j the -expov\lnt\‘a,( f""V"‘AC ”'M,v‘e oF Ar;

N : We L\Q.lh(
NT = (TLE) whewe T st op oy

E({): {H \‘F: 4)0‘}
(nV)

N = (U,E) where U He ser ob effechve
operations

E(d)= catob tnolices Fov ¢

vec, Fwﬂbh'ons



9
We 994': - E\tl. .
| wmite tope chructure over on ) .,\ x
?\:cpk M%l—ruc\-ure of ‘heveditarily effecdive
opevotions’ ( Tvorlrtra)

Note: all these objects are assemblies ot form
(X.E) st E(x) NEG' )\ =g Y xgx'

H!jlab\d called these: effective objects
Secott -- ..+ modest sets

More 3zmull7 , howe disevele oL'jecH' :
tlae for object (X,~)

a) (X,~) ic isomsrphic b some obieck (X'~
for which [xax]) A [4~y) =¢ 4 xty
Thore is « subobject A of N omod am
eyt A —» (X, ~)
€) The diagomal

L omor phi s

Cee: ‘effective objeets’ = ‘diserete assemblies
Think of ‘diarete’ s Vo

b)

V@)

(xt“") ] (-xu.“') i< an

totally disconnectent

Other extreme : uniform objeeks
thoe for (xn)

o) There i ¢ epl VY —p (x,~)

b) OG~) i (So woy

phic b soma object (x'~)
For whih [ Ix] 4 g

10



lo
Com see:
SU is uniform (&= cd, then ¢idiye /;EA~A])
Fouck: z\rug power object 2 nwiform
Fact (“Uniformity Principle’):
I} R >—5 (Un) x (D,~) womper it o total relation
from o uniform (U~) b « diserete (O~), the
R contains a cousbont Lunmction

W parkeular, uwiform objecks are ‘indecom posable’;

Connot be written as ponteivial sum b fub ok~
3:.0}'3.
But: also discrete objecks may be tndecomposalle.

Exomple. 1t K= 1nld (n) b defined }

= ({e},E) E(o)= k
E()= W-k
N
Thew 37 = (RE,F) RE set of re. subreks

of N
F(A\-" )I.'Q- \ A: W,_}

» and indecomposalle
(Rice theorem)
ALSO, the 0‘0326" R o{- V=a | numbe
Lf'd: Tholecomposa ble "
Cb,- Browwerts ‘Uheoyem’ m ELE, and

R s topologicalls, counecteq )

Tlen ZM AScorete

e, u M-UWC{‘Q

11



]
For o{iSCuSﬂ‘ﬂ, notions ‘uniform’ oamd “dicerete’

n parameters, define when oo mop ((~) _, (X~
15 uniform or disorete.

Det. &) (1in) — (6~ & uniform Ff Hurels o

Comm, Mo.gm.m

({~) 2~ (2~) —> TW

) |
N [XLA" > 'b(.x“",

With () a pullback, amd = opi

( There is an ept from a theaf b £ wm e

¢Lice tOpu EH/()(«-) )

b) (,~) R (X~] is Msorete 0} Hwve is
. comm. dmgram

N x (X,~) &< (A~) 2o (4,~)

L A
‘ (x,~)

(There s gn epi from o suboljeck of N £

w He sl EFF/CX ))

A. Cacboni has tpvesk atesd . " ¥
iy {_oupwi"d_. 9 an o a.Log«, w E£f of

3 N 5_ ;
Tle adjunction § = CH of Stone Spaces tunto

Compact Hows dorff tpace, 9ives o facke
riza o
Sy sbom m CH.: "

12
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Every mop in CH fackors as ‘mounstone’ (comnecheo
fibers) followed by “Light’ ( fotally disconnectect filert)
The anologee on Eff giver Sometbing Cile

(xl“' ' : —  (7-]
Ung fv'-“‘a (Z‘v) %&Hu

ln Hhis tall, | am smteresked i essemtially olif leyent
fockorization: of Fform

> m't"rs'

The cacpiration comes from Hae we Kon of
o ‘closed wodel shoucbure’ (V. Quillen)

13
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Ir. Closed Model Cafeyories

Literature: 2.9.
H.7. Banes , Algebraic Homotopy (cur 1989)
M. Hovey Model Categories (1 +i999)

fu"csz f.‘A-—-)B . ?:C_, D are arrows m &

a»t&gwg. Tlen 4 hog Hee g{:l' Lifl‘tug gupurlv
() wret 9 omd g has Hae right (:FRwy properky
wreb £, o

V;A’ ? J A -7c
L ls 34 /

Example: an objeck X projective IfL Heo
meP 0 — X has tha Llp unt all epir,

Say alke for clasctr €0 of arcows: € lay

2y wnt Q,D{. artry Le € los Uy wet
orery g6 (.

14
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Def. A closed mode shructure om o category

Comsith of 3 classes of mayps:
€ (cotibrations)
F (Rbrations)
W (weak eqmivadences)
Such that He {:Olbwing covditions hold
k) Geiven L>_’_> , whonewer 2 Mdﬂ.j.‘)ﬂ
Ore im W ten o is #a Hurd
b) €,F W aw closad unoer vetracte
) € hes {ey wit WnF
CAW ha ‘U.y wit F

d) Bvery arrow { cam be fackoreol
Voas f-9i,9eF, ietaW
B o fxhk, heFaw, ket
From dubinikion i follows Hok, given W,
He dasftn € ond F it mine 2ach oHwr:

e9. €= L L flus 4Ly e WaFY

Example [n (compactly 9ennte ) topological
Spoces :
F = Serre Blrations

W = weak howo tapy eqmvetinces

15
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Givea o model shacture o 8 o cabegory . hove
“homotopy velation' hokuween arvows:

6 B,YX one objecks, olefine

- 6 clinder for B i o frchization
B +B ¢ € (G.F(\W

> B ——> B
- @ pu+k oL]ccl- for X 0o fochorization
X (3 an xl € F X

——i—""

Fer Fi9: B — X say:
~ 9 (F s lebt homotopic o a) Y
‘[gle B+B — X fackors Hurourh B
Frrg (£ 5 rijnt lomobpic b 9) Y
¢<£,92: B, X«X fnchors ﬂwomgk X!
For ‘goed’ B, X these velakons aqree (and

don't depemd on choice of cilinolr or p ol
o\otu‘c)

-
> .
— e — o
B+BR BxT K4

X = XI (1- EO('J)

16



1A
Paraau?w\o.l-;c .emmph; Qw‘;kau\ Seks

AR cwb.jory o finite, nomemply ovdinals audl
€ - presarving fumebions -
Ceek ( cotegory of tmplictal cets ) fbl‘A

gc‘w\pka‘al Sets Ore Cmpor\-am{' n

a) Topoloqy: fimplictal cok i “‘gluetng instruckions
for pasting bgeMer basle

e e &
b - A LN
o & Spaee 2
(‘Geometpic reoli aHon' @ Creb —> ’To')

Have closed model chruchure o Sreb | for
which

- RBlrations Lave rép

L — &
& —n

lake awoy palerior ool l foee )
- weal -aquimleuu,; are wma

wrt ‘horn inclurions’

17
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b) Cotegory Theory

53MP|&da( sek X looks Lile:

d,
— .
X () fo o X(1) X (2)
&__‘ -_—
Y <

e. Glhe o € w/‘-ﬂqolﬁy’. Pavrbedor crobs modal
“Wighor categorie . Yo quati - cateqories
ot A. Joyal amd T, Lurie
There ¥ closedl mode! shrnekure on Srat
Such Hat the ekt X fv which X =1 & a
£Fbantion, are quasi-catenoriey
<) Logic
Csebs s o fopes, anol ‘darsifies Lomea
ovours with end poinls’
Conolusion;v CLosed wodet f‘)-rudwra ovre JW\po-r-
fomt for tloories abowt some wo o o;.
ccqwl\rnlo.vxu’ (Lilee L,ow\obm,, 29, o ¢ Ca)l‘r)

Kewut(‘], research hes clorded 4o use closen
mode shruchures b pwmodel "ttty Yo pes on

mtensionad M-L type Hheory (Martin- L4f )
Awodey- Warven | Richavd Gocner, Gombine
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/8
Baek K~ Eff.
Recall uwiform maps (7,~) —; (X~):
(h~) &—— (A,~) J——) VJIW
> (x!.la»! — &l
[ my hook , have following characlerization of
nmform maps :
A map Fi (¥~) — (x,-) . uwiform iff fave
are mambers 4 amd b sucl Hot fov every
X6 X, ye¥f ne [x~x), me Fly,x), tlere i y'e g

Such hat & () ¢ Fly' x) amd ¢, (nyw) ¢ [y'~y]

1+ Furns out dhat Hus 5 o right L‘{Ruﬂ propucty,
(all an assembly (¥, E| Cmple Y E(a) & abwnys
o Sanglelo
Call a map deburten cimple tussembolics Simple 3
1 (E) — (YE) & o kijeckve fmckion
Thew: :
w{)/\ mayp Fi (Y,
i F hos Yo rly
Somple assom b Lies
1) F bt &5 umiform omd epl it F
hes Ho vlp wnt all monos (N3 ST
SA:w\pLQ oS om b Ling

M — ) s sk for
wnt all S‘A‘Qmp(o. maps of

19



9
This Smgqges b

‘ be o closedd maodal ¢ uchure o EFL
lhkere w, moy be b . ‘d{.‘.
Lov which H#a FbraMeons are Ha (Cepimoxy
' l,‘

U FU‘V’V\ mops.
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In fock | Daues prtrents a weakoning of the elos 2d

mode( chebame axions | skl wefud

Defe A fnakion catesrry bon 2 chesses W oont F
(weeah 9. cunst [hrabions ). Sakinfgmy:

(F) F closed wmdler composibion 3 W codis for 2-oubof 3

oond T 6 F . Moeovtr:
&) Y ieW, Tfle\'\J
b) Y teW woeW
(F3) Evty mrrow f: Ao frckws on AZW 0
with 96 W, ieF
(Ful Gl @ ofibromt & svupy §:P— Q with
feFaW, b o teehion. Thaw: fo arew X
thawe W 6 QX — X Wit ae WAF ot
QX cokhrawt

Propa. b Arf delone

W L (68) o (' EY) | 4 i hijeck:
\ ve }
-.F: l'F: (x;E\-a (Yte') l !

(x.€) = X, e 1> E'(46x1)) }
Tlew (Ass, W, F) i o Fbratim cateynry
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